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Preamble

As scientists, we are like players thrown into a new unknown game, trying to figure out the
rules as we go along. So it was in the early XX century with the discovery of quantum physics:
scientists would make experiments (or try plays) that didn’t result in the expected outcomes,
and adapt their hypotheses to explain the underlying rules, making comparisons to known games
(“it is a little like wave dynamics here, a little like Poisson evolution there” is similar in spirit to
“this part of the game reminds me of poker, but that mechanism is more like bridge”), and slowly
letting go of their initial assumptions, until eventually people like Heisenberg and Schrodinger
had the first big breakthroughs in capturing the rules of Nature at that scale. Now, if you were
in that position and wanted to teach a new player about the game, how would you go about
it? Would you spend weeks explaining the process of how you managed to figure out the rules,
or would you try to explain the rules in a direct way, to allow the new person to start playing?
Traditional quantum mechanics courses start with the historical perspective, which is precisely a
version of “we didn’t know the rules, tried that play, postulated, tested and abandoned all these
hypotheses, and now we have this theory as to how the game works.” Which would be fine if the
story explained why the rules are as they are — but it doesn’t, and as such we subject students
to this long tale of how we got to our current understanding, without it enlightening why the
world works the way it does. Here we try to first give you the rules of quantum mechanics, and
explore what we can do with them, before we start to question them.

Course logistics

Schedule. Due to the pandemic, all the lectures and tutorials will be online. They will be
streamed on Zoom, and later made publicly available on YouTube. Office hours are also online.

Date Time Type Zoom meeting id

Tuesday 9:45 — 11:30 Lecture 935 7294 4577

Tuesday 15:00 — 17:00 Open office hours 917 2922 0926 (book by email)
Thursday 9:45 — 11:30 Tutorial 939 9366 1901

Thursday 11:45 - 12:30 Lecture 935 7294 4577

Resources. All course materials are available on Moodle. This includes the tablet handwritten
notes, links to all the video recordings, and these lecture notes. If you don’t have access to Moodle
(but somehow got these notes) and would like to see the materials, email me.

Examination. There will be a final written exam, which will be two hours long. We will
provide a sample exam before this.

Pre-requisites. You should be able to multiply matrices and have seen integrals before. Usu-
ally, first-year courses of linear algebra and calculus ensure this. If I use terms that you are not
familiar with, don’t hesitate to ask. Appendices give a quick recap of the main concepts we will
use.

Overlap with other ETH courses. There is some overlap in content with Quantum Me-
chanics 1 and 2, but it is a different approach, and we will learn things in a different order.
There is some overlap in approach with Quantum Information Theory, but after the first couple
of weeks the topics covered will diverge: QIT focuses on more abstract things like transmitting


https://www.youtube.com/channel/UC-_JZ93_gA5QL5mrmvdZ0-Q/playlists

information, cryptography and teleportation, whereas we will study the physics of quantum me-
chanics, with applications to concrete systems. It is still worth taking both courses. Similarly,
in the spring semester there’s a course called Quantum Information Processing I, which is es-
sentially an introduction to quantum computing — so it uses the same basic formalism, but the
focus is very different. There is in parallel a course called QIP II which is about physical im-
plementations of quantum computing, for which the present course is relevant. As two possible
follow up courses to this one, in Spring we’ll have Advanced Topics in QIT (focusing on quantum
thermodynamics, quantum clocks, quantum reference frames and foundations) by Ralph Silva
and myself, and Quantum Sensing and Metrology by Mischa Woods.

A note on Covid19. This is a strange and difficult year. Online lectures lose their novelty
pretty quick, and studying from home can be isolating and grating. Please take it easy, and
prioritize your physical and mental well-being. Quantum mechanics can wait.
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Chapter 1
Introduction

This chapter introduces the formalism we need to describe quantum systems. For a more ex-
tensive discussion, we refer the reader to Chapter 3 (States and observables) of Schumacher and
Westmoreland [1]. The chapter also recaps many useful notions and results from linear algebra.
As regards continuous state spaces, you may want to look at Chapter 10 (A particle in space)
of the same book, sections 10.1 and 10.2 in particular.

1.1 Hilbert spaces and the braket notation

Definition 1.1. An inner product space (X,-) over a complex field and inner product - is said
to be a Hilbert space when the distance d induced by the inner product forms a complete metric
space, i.e. a metric space where every Cauchy sequence has a limit contained in the space itself.

The definition of a Hilbert space is important as it guarantees that any converging infinite
or integral sum of elements in the space is still in the space. In quantum physics, a physical
system is represented by a Hilbert space over complex field, and a (column) vector in this space
represents a possible state of the system. A column vector is written in the form |¢), denoted
as ket. We define the transpose conjugate of |1)) as

(Wl = (1)

and this row vector is what we call a bra. The inner product of the Hilbert space between two
vectors |¢), |1) can then be expressed in the following way:

(ol

and this is the bra-ket notation for the inner product. A bra can be also seen as a function:

(| : H—C
[1) = (¢lv)

we will see later that this view is not unusual, and it is used to extract information from the ket
in a very convenient way. It is also possible to define an outer product between states, called
ket-bra:

) (@]

Like in standard linear algebra, while the inner product is a scalar (in our case, a complex
number), the outer product is an operator’. In this way we can easily construct transformations
(or better, endomorphisms) on H.

Discrete spaces and qubits. When we have to represent a system with a finite or countably
infinite number of states, we use a Hilbert space spanned by a basis with a discrete number of
vectors:

H=span{|z)}s > [¥)= wilz), vy €CVz, Y |[t*=1.

You may be more familiar with the term "matrix". The term operator denotes an extension of the concept
of a matrix to vector spaces with infinite dimensions, which may be the case in quantum physics. The idea,
however, remains the same and you can still imagine an operator as a matrix.



The last constraint is what we call normalization, i.e. vectors of the Hilbert space representing
a state must have unitary norm (we will see later why this property is important, when we will
talk about probability of outcomes). The special case where we only have two basis vectors is
called qubit:

H =span{|0),[1)} = [¢) =a|0) +B[1), o + |8 =1

{]0),|1)} is usually called the computational basis of a qubit.

Infinite continuous dimensions. A continuous space is used when we need to deal with
physical systems that involve continuous variables (e.g. position in space):

H = span{|z) }ocr /w )|)da /w;|M—1

In both cases |1)) is an arbitrary state of the system which can be expressed in terms of a basis
of the Hilbert space. From now on we will assume that all the bases we use are orthonormal,
it will be clear later why this is important.

1.2 The wave function

We expressed a state [1) in terms of a basis of the Hilbert space of a system. Let us consider
the continuous case (the discrete case is analogous):

v= [ v@)le)de

where () is a function containing the components of the vector |¢) with respect to the basis
{|lx)}. It is called the wave function. Let us now compute the inner product (z|t):

(alt) = (o] [ v(@)la')d
- [ v
/1/) )o(x — 2')dx’

where 0(x) is the Dirac delta function, and it follows from the fact that the basis {|x)}, is
orthonormal. A short introduction to the Dirac delta is given in Appendix A. Therefore, the
inner product of a state with a basis element yields the value of the wave function with respect
to that particular element, i.e. the projection of |¢)) onto |z).

1.3 Measurements

The wave function has an important physical meaning. Consider a basis {|z)}, of the Hilbert
space of a physical system: we would like to measure the system with respect to this basis.
The first property of a quantum system is that, when we measure it with respect to a basis, the
result will be an element of the basis. A particular element |x) is the result of the measurement
with probability:

() ? = [v(2)?



where [1)) is the state of the system at the moment of the measurement, and v (z) is the corre-
sponding wave function. Another important property is that, when the measurement happens,
the state collapses to the measured basis element: if we measure a system and we read an
element |x), then |z) will be the new state of the system.

As an analogy to better grasp this concept, consider throwing a dice and “measuring” the
outcome by looking at it; if we cover it or look away for a while, we still expect to see the same
number on top after checking the dice again.

1.4 Probability of outcomes in a measurement

For a concrete example, consider the position of an electron on a line (this will be our running
example throughout this chapter). Let {|z)}, be the position basis of the Hilbert space, i.e.
it consists of states representing a point x € R, which is the position of the electron. The
formalization of a measurement with respect to this basis induces a probability space (2, F, P),
where Q = {x},er consists of all the elements of the basis, and the probability of each element
is given by:

P (z) = [¢(z)[dx

The differential operator dxr appears because here we are considering a continuous space. In the
case of a discrete system the induced probability space is discrete, and the probability can be
defined accordingly. In any case, one can see now why we required a state to be a normalized
vector.

Therefore, coming back to our electron on a line example, if we want to know the probability
of measuring the position of the electron in a certain interval [a, b], we can compute it as:

Plot)= [ P@)dr= [ pw)Pde

If we define P, as the projection operator in the subspace spanned by {|z)},c[,5, We can
rewrite the probability above in the following way:

b
(I Paglt) = (0 ( / |w><x|dx> )

= [l etz
= [ et

b
— [ ) Pde
— P ([a,t])

Therefore, it is sufficient to compute the inner product of |¢)) with a projection operator onto a
subspace, and we get the probability that the state collapses into that subspace upon measure-
ment.

At this point, it can be useful to introduce the following terminology:

Definition 1.2 (Superposition). Consider a system in a state |1) and let {|z)}, be a basis of
the corresponding Hilbert space. |v) is a basis state with respect to {|x)}, if |¢) = |z) for
some basis element |x). In any other case, |1) is said to be in a superposition of the elements

of the basis {|x)}..



From what we saw above, one can imagine that measuring a basis state will yield a trivial
probability space, where the probability of measuring the element of the basis equal to the state
is 1. Keep in mind that both the induced probability space and the notion of basis state and
superposition are relative to the particular basis we use for measurement: for every state
|t)) there is a basis in which [¢)) is a basis state and a basis in which |¢) is in superposition.

Representing a measurement with projectors. It is often useful, especially when we talk
about continuous systems, to not measure with respect to single basis elements, but to group
elements of the measurement basis in projector operators like the one above. For example,
if we only want to know whether a particle is on the left or on the right of a certain position L,
we can simply divide the identity 1 into two projectors:

1=P_oo,r)t+ P1,+00)

Each of these projectors can be used to compute the collapse probability as above.
Moreover, it naturally follows that any projector P4 is idempotent:

P = //,42 |z) (z|2") (2 |dwdx’

= // |2)d(x — ') (2’ |dzda’
A2
:/ ) (z|de = Pa
A
Global and relative phase. Since the Hilbert space of a quantum system is complex, we
would also like to understand why phases are important. We distinguish two cases: the first is

called global phase, which is a phase ¢® that multiplies the whole state of a system, and we
now prove that this term has no physical meaning.

Theorem 1.3. Let |¢) be a vector in a Hilbert space representing the state of a quantum system,
and consider ¢ € [0,27). The vectors |¢) and e'®|p) represent the same state.

Proof. Consider an arbitrary basis of the Hilbert space {|z)},. The measurement of e*®|)
induces a probability space (£2, F,Py) such that:

Py(z) = [{ale[v)* = | (alp)* = [(z|v)]*

Therefore the probability spaces induced by the two states are equal with respect to any mea-
surement basis. O

On the other hand, we have a relative phase when different components of the state vector
have different phases. In any case, we may represent a state with a vector where one of the
components is real, i.e. normalize the phases. For example, in the case of a qubit:

) = ae®4|0) + be'?B|1) = ¢i¥4 (a\0> + bei(¢37¢A)|1>>

1.5 Observables

An observable is an operator representing a certain quantity of the system we want to observe.
A= [ f@)a)alds

10



where {|z)} is a basis of the Hilbert space and f(x) € R is the observed quantity, i.e. f(z) is
the quantity we would observe if the system were in state |z) upon measurement. Obviously A
is Hermitian since:

At = ( / f<:c>|sc><oc|d:c)T = [ 1@ () de = [ f@)a)aldr = A

In particular, notice that f(z) is the eigenvalue associated with the eigenvector |z) of A. These
eigenvalues are also called labels of the observable.
For example, in the case of the position of an electron, the observable of the position is:

X:/Rx]w)(:c]dx

If we want to compute the expected value of a quantity in a state |¢)) we can simply compute
the inner product with the corresponding observable. In the case of the position of an electron
we have:

(X) = (z[X]z)

= 1 ([ alo)alds ) )
= [ el elv)de

= [ alv(a)da

In a probabilistic formalization, one can see an observable as a random variable: the
observable A above assumes value f(x) if the event x € Q occurs.

1.6 Post-measurement state

Suppose that we measure a state |¢)) with a set of projection operators {Pa, Pg, Pc}, and
that this causes a collapse of the state in the subspace of P4. How can we compute the post-
measurement state? We know that the new state must be the projection of |1) onto the subspace
of P4, and we also need to impose that the new state is normalized. This leads to:
'y = Pal¢) _  Pal) _ Paly)
| Palt))] \/<¢|Pj\w> V{(¥[Pal¥)
1

- T [ 1@ alde [ wlaja’)ds

1 / /
_ WM/Adm/Rw(w)W(x’w

1 / / /
" o e Lyt
_ [ Y@ g L [ @) ede
—/A <w|PA\w>' ) _/RM e

Ydz'

Therefore, the collapsed wave function is:

—v@  peq
V' (x) = (Y| Pale)
0 x ¢ A

11
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Figure 1.1: Collapse of the wave function after the particle has been measured in the region
between x1 and zs.

Example. Assume we are measuring the position of a free particle travelling on a line. In
Figure 1.1 we observe how, given that we have measured that the particle is located between
points z1 and 9, the original wave function v (z) (in blue) collapses to the wave function of the
post measurement state ¢’'(x) (in red).

1.7 Qubits: the Bloch sphere

Consider a qubit in an arbitrary state |¢)):
[4) = al0) + 5]1)
where a, 5 € C. We can rewrite these two numbers in complex exponential form:
o= aewa, 8= be'fb

Now, if we let ¢ = 6 — 6, and factorize €= like we did in Section 1.4, we can remove the global
phase and assume that the component of |0) is real:

|¥) = al0) + be'|1)

Notice that a qubit has exactly 2 degrees of freedom: in general we have 2 absolute values and
2 phases, but irrelevance of the global phase and normalization, i.e. |a|? +|3|?> = 1, remove one
degree of freedom each. In order to emphasize the fact that we have two degrees of freedom we
parameterize a and b:

{a = cos(0/2)

= COS sin P
b= sin(0/2) = o) = cos(#/2)]0) + sin(6/2)e*?|1)

If we consider (6, ¢) as spherical coordinates, these span a point set in R? called the Bloch
sphere. In fact, one can see the xy-plane intersecting this sphere as the complex plane. With
this in mind, € € [0, 7] is the height angle, while ¢ € [0,27] can be seen as the azimut. Let us
look as some special cases (depicted in Figure 1.2):

e When 6 = 0, then [¢)) = |0) regardless of ¢;

e When # = 7, we have |[¢0) = €*?|1), and ¢ becomes a global phase, implying that the
resulting state is equivalent to |1) for any choice of ¢.

12



Figure 1.2: A visual representation of the Bloch Sphere and various states.

e When 0 = /2, the vector is in the complex plane, and the state is in the form:

10) +¢*1)

Another interesting property of the Bloch sphere is that two elements of a basis (i.e. two
orthogonal elements) are always in opposite points of the sphere.

13



Chapter 2
Reversible Evolution

2.1 Evolution in qubits: quantum gates

An evolution of the state |1)) of a quantum system can be expressed as a unitary transformation
in its Hilbert space (the definition of unitary operator can be found in Appendix B). In the
case of a qubit, we have 2 x 2 matrices that represent single-qubit quantum gates. The first
quantum gate we discuss is the Hadamard gate:

1 (1 1
H:\/§<1 —1>

This matrix transforms the components of the computational basis as follows:

0) +11) 0) —11)
Hloy =" gy mpy =B
0) 7 +) 1) 7 =)
where {|4),|—)} forms a basis of the qubit space called Hadamard basis.
Other interesting quantum gates are the so called Pauli matrices:

x=(1o) v=(05) 2=(5 %)

One can see that X acts exactly as a NOT gate with respect to the computational basis:
X0y =11), X[1)=10)

while it acts as follows on the Hadamard basis:

X Xo>;§X|1> _ |1>ko> .
_X[0) - X[ty _ 1)~ o)

V2 V2

that is, the Hadamard basis is the eigenbasis of X (with 4+1 and —1 being the eigenvalues
associated to |+) and |—) respectively). On the other hand, one can see that Z acts in the exact
opposite way as X: while it swaps |+) and |—), the computational basis is its eigenbasis.

X[=)

=)

Pauli matrices as observables. Since X,Y,Z are Hermitian, they can also be seen as ob-
servables. In particular notice that:

X =)+ = [=) (-]
Z = 10){0] = [1)(1

Therefore, if we take for example X, a |+) is measured with a label +1, while a |—) is measured
with a label —1.

One last thing to notice is that transforming a state |¢)) with an operator U before measuring
with respect to an observable M is equivalent to a measurement with respect to the following
observable:

M =UMU?

14



In order to see this, consider the spectral decomposition of M:

M =VAVT =" Nvi)(vi| = M' = UVAVHUT =3 \U[vi) (vs|UT

implying that, while the labels do not change, the eigenvectors of the new observables are
{Ulv;)}i. Keep in mind that this also works for infinite-dimensional spaces.

Example with qubits. Assume we want to perform a measurement in the X basis. This is
equivalent to first evolving the system via the H gate and then measuring with respect to the
Z basis, as:

HZH' = H(|0)Y{(0] — |1)(1|)H since H is Hermitian
= H([0){0)H — H([1){1[)H
= [ )] = X

In general, we represent the evolution of qubit systems using quantum circuit diagrams. This
transform-then-measure example would look as follows:

Z
v —H 7

We read the line from left to right as an evolution over time. A gate is represented as rectangle
enclosing an identifier for the type of gate, whereas the meter symbol is used to represent a
measurement, specifically in the Z basis. We will go more into detail in Chapter 3, when
analysing systems with multiple qubits.

2.2 Unitary dynamics

We already said that a reversible evolution is expressed with a unitary operator. Note that
unitarity implies preservation of the inner products:

W) =Up), |¢)=Ulp) = (¢[¥) = (olUTUy) = (¢|)

and, in particular, (¢)[t)) remains 1 over time, for any state [¢).
Moreover, we know that a unitary operator U admits an orthonormal eigenbasis:

U= uglk) (k|
k

1= (k|k) = (KIUTU k) = (klugup|k) = ug]* (k[k) = |ug ]

implying that every eigenvalue has unitary absolute value. Thus, we can directly express U as:
U= k) (k|
k

In this case, {|k)}x are said to be the eigenstates of the evolution U.

15



2.3 Deriving the Schrodinger equation

We consider a state evolving over time:

[9(2)) = U(t, to)[¥(t0))
The temporal derivative of |1(t)) can easily be defined:
[¥(t+ AD) — [¢(1))

0 .
Sl = Jim

At—0 At

_ i JUFALD[)) — [$(2))
At—0 At

L U+ ALY -1

e S v LA O

= G(t))

We found that the temporal derivative of a state can be expressed as a linear operator.

Theorem 2.1. G is anti-Hermitian.
Proof. We know that (¢(t)|1(t)) = 1, thus it does not change over time:

9
0= 2 (¥(OH(E)

o 0
= 5; (WO [ (®) + @) 5; (D)

= (W(O)|GT (1) + (L O)|Gle(?)
= @W®)] (61 +G) ()

Thus G + Gt = 0.

O]

We now define H = ih- G as the Hamiltonian of the system, where / is Planck’s constant,
measured in Joule times second [J - s]. Notice that the Hamiltonian is Hermitian, and it can be
seen as an observable of the total energy of the system: in fact, G is expressed in inverse seconds
[s~1] (since it is a temporal derivative operator) and, together with the Planck constant, we get

that the eigenvalues of H are expressed in Joule [J].
The definition of the Hamiltonian yields the Schrédinger equation:

HIp(0) = ih o 9(0).

16



Chapter 3
Composing Systems

3.1 Tensor product
Consider two Hilbert spaces Ha,Hp. Given |x) € Ha,|y) € Hp we define a tensor product:

[Z)a®y)B

where we usually explicit the subscripts A, B on the kets indicating which space the states belong
to. For any |z1), |x2) € Hi,|y1), ly2) € Ha, we have that:

e The tensor product is distributive over addition

(Jz1) + |22)) A ® |y1)B = [21)A ® |y1)B + |22) A ® Y1) B
lz1)4 @ (Jy1) + [y2))B = [z1) A @ [y1)B + |21) A @ [y2) B

e Scalar constants a € C can be taken out of the product
(alz1))a ®|y1) = 21)a ® (aly1)) B = a(|z1)a ® [y1)B)
e The tensor product of operators is applied independently to each component:
(U1 @ Uz)(|z1)a @ [y1)B) = (Ur]z1)a) © (Ualy1)B)

e Inner product acts linearly on the tensor product (i.e. the order of application of inner
product and tensor product can be reversed):

((z1]a @ (y1]B)(|12) 4 ® |y2) B) = (@1|22) (Y1Y2)

From now on, we will write |z) ® |y) when the spaces we are referring to are clear from the
context. It is also possible to find |z)|y) when it is clear that a tensor product is involved, or
even |zy) when it is clear which state belongs to which space.

We extend the definition of the tensor product to Hilbert spaces:

Hi @ Ha =span{|z) ® |y) | |z) € Ha,|y) € Ha}

3.2  Qubits: multiple qubit gates

We will now see how to use the tensor product, starting with two qubits. Consider a product
space Ha ® Hp. We know that, in the case of a qubit, the state space of each subspace is C2,
and the elements of the computational basis can be expressed using the classical vector notation:

How does the tensor product work here? We can resort to its properties: for example, let us
compute |0)[1)

0)[1) = (1]0) + 0[1))(0]0) + 1[1)) = 0[0)[0) + 1]0)[1) + O[1)[0) + O[1)[1)

17



If we conveniently choose {|00),]01), |10}, |11)} as the standard basis of our product space (in
this order), we can write |01) as:

0)1) =

O O = O

This is convenient because, this way, the element |z), where x is the binary representation of a
natural number n, is exactly the vector where the n-th component (starting from 0) is set to 1,
and all the others to 0. In fact, after some computation one can find:

1 0 0 0
0 1 0 0
0 0 0 1

An interesting property here is that n qubits yield a state space isomorphic to C?", i.e. the
dimension of the state space of a system of n qubits grows exponentially fast with n. This is one
of the crucial factors that allows quantum computation to outspeed any model of computation
involving classical systems.

Single-qubit gates in multiple-qubit systems. Before talking about gates involving multi-
ple inputs, we discuss how to represent gates acting only on one of the qubits at a time. Suppose
to have a quantum circuit with two qubits, where we apply a gate G to the first qubit and leave

the second qubit unaltered.
)

1Y)

Leaving a qubit unaltered is conceptually equivalent to applying the identity 1 to it. There-
fore, the above circuit can be represented with the following “product gate”:

Gol= (Gol)|zy) =G|r)® 1ly) = Glz) ® |y)

Example. Suppose G = H is the Hadamard gate and the input of the circuit is |00). The
output of the circuit will be:

(HAa®1p)[00)ap = HAl0)4 ® [0)p = |[+)a ® [0)B = 00>\72’10>

As another example, imagine that H is applied to the first qubit and then Z is applied to the
second, as follows:

" ¥

This is equivalent to applying (H ® 1) and then (1 ® Z) to both qubits, i.e.:
(HR1L)(1® Z)|zy) =(H-1)@ (1 2)|zy) = (H @ Z)|zy)

The calculation suggests that this is also equivalent to first applying Z and then H, which makes
sense, since the qubits are not interacting with each other.

18
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(a) Controlled NOT gate (b) Controlled @ gate

Figure 3.1: Quantum circuit diagram representation of controlled gates.
A first two-qubit gate: the CNOT gate. We now introduce a gate involving two qubits,
which is the CNOT gate:
CNOT = AX =0)(0|® 1+ [1)(1| ® X

As hinted by the definition, this gate has a clear meaning in the computational basis: if the first
qubit is |0), the second qubit is left unchanged

(A X) [0z) = [0){0[0) ® 1]z) +[1)(1]0) ® X|z) = |0)
otherwise, having |1) on the first qubit causes the second qubit to flip:
(AX) [12) = [0)(0[1) @ T]a) + [1)(1[1) © X|z) = 1) @ X]|a) = [17)

where T denotes the negation of the bit x. Here we give the matrix representation with respect
to the standard computational basis {|00), |01), |10),[11)}:

o

Ax =

o O O
S O = O
= o O

O = OO

Another way to see the CNOT gate is the fact that it implements a XOR in the computational
basis (reading the result off the second qubit):

(AX) ley) = |2)|z @ )

The CNOT is a widely used gate, to the point that it has its own symbol in the graphical
notation for quantum circuits. The concept can be generalized to an arbitrary gate Q:

AQ=10)0l®1+1){1]®Q

i.e. the @ gate is applied to the second qubit if the first qubit is |1). The visual representation
of these gates is depicted in Figure 3.1.

Example. Suppose to have the following circuit with two qubits:

) —{i-z——

10) S

A\

If the input is |00), the output will be:
(AX) (Za©15)(Ha @ 15)[00) = (10)(0]4 @ 1p +[1)(1]a © Xp)(ZaHa @ 13)[00)
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(10)(0[4 ® Ip 4+ [1)(1]4 ® XB)(ZaH4l0)4 ® 15|0)5)
(10)(0|a @ 1p + [1)(1|a ® XB)(Zal+) 4 ® |0)B)
(10)(0[a® I+ [1)(1]a ® XB)(|-)a ®[0)5)
=10){0[—)a ® 15|0)p + [1)(1|-)a ® Xp|0)p
=10){0[—)a®|0)p+[1)(1|-)a®[1)p

|00> [11)

V2

The last equality follows from the fact that (0]—) = %, (1]—) = —

o

3.3 Entanglement and measurement

At the end of the previous section the quantum circuit ended up with this output:

|00) — |11)
V2
What is the state of the first qubit in this case? Actually there is no answer to this question, in

the sense that there is not a well-defined state for the single qubits. This is because the states
of the two qubits are somehow tied to each other, i.e. the two qubits are entangled.

) =

Definition 3.1 (Quantum entanglement). Let Hi,Ho be the state spaces of two sub-systems,
and consider the product space H1 ® Ha. A state |t) € Hi @ Ha is said to be unentangled (or
product state) if it can be written as a tensor product of the states of the single subsystems:

V) = [Ya) ® |vB)
Otherwise, the state is said to be entangled.

In order to give more intuition about entanglement, we talk about something more familiar:
independence of random variables in probability. We can think of the two subsystems as two
random variables: if the state of the whole system is unentangled, we can think of them as
two independent random variables, where knowing something about one system does not tell us
anything about the other.

In fact, this analogy is not a coincidence: as we said in Section 1.4 a state [¢)) with wave
function 1 (x) induces a probability space (2, F, P) with probability | (x)|? (with or without the
differential dz, depending on the type of system we are considering, either discrete or continuous).
This holds in this case as well: if {|z)}, and {|y)}, are bases of the two subsystems, then
{|z) ® |y) }»,y is a basis of the whole system and:

=[] . )1a) © )z

implying that the induced probability space gives:

P (z,y) = |¢(z,y)|*dxdy

The interesting thing comes when |¢) is unentangled. In this case, we can rewrite [¢)) as

9= 1) @ o) = ( [ va@la)de) o ([ wntlyay)
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=[], pa@yn)le) @ v)dody
Thus, the induced probability space yields:

P (z,y) = [Ya(@)yp(y)Pdedy = [a(z)|*dz - [p(y)|*dy = Pa(z) - Pp(y)

which is exactly the definition of independence in probability. These calculations answers our
questions about what the probability of measuring an outcome is.

Our attention now goes to what happens when an outcome is actually measured. It will
not be a surprise if we say that measuring only one of the subsystems when the global system is
in an unentangled state, the other subsystem will not be affected. More formally, measuring
only the first subsystem with an observable A is equivalent to measuring the whole system with
the observable A ® 1.

Why is measuring with the identity operator equivalent to not measuring at all?
Think about the post-measurement state we derived in Section 1.6. We only have one subspace,
i.e. the whole space, where we end up with probability 1. In this case, the post-measurement

1)
Ty~

Thus, nothing changes with probability 1. Also, we retrieve no information out of such mea-
surement, as all the eigenvalues of 1 are 1.

state is:

Measurement of a subsystem in unentangled state. If we suppose that, upon measure-
ment of state [1p) = |¢4) ® |¢pp) with the observable A, we end up in the subspace associated
with the projection operator P, the post-measurement state of the whole system is:

(PO 1)) (P 1)|¢)

(P& 1)) (I(P @ 1)2)
Pla) ® |¥B)
(V1P @ 1)2[)
Plipa) ® |¥B)
V(P2 12)[Y)
Plpa) @ |B)
V{(0alPlYa)(WBlYB)
Plipa)

= oaPon o)

Measurement of a subsystem in entangled state. For this case we will be a bit more
concrete, and directly see an example. Let us take the example of the two qubits in the entangled

state from Section 3.2:
_00) —11)

We measure only the first qubit using Z (i.e. the whole system using Z ® 1):
Z = 0)(0] = [1){1
The probability of measuring |0) (or, more precisely, the label +1) is:

P 4(0) = (¢[(10)(0] ® 1)[¢)
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~ (00[ — (11 |00) — |11)
= ool e )
_ (00](10)0] 1) — (11](J0) 0] © 1) _[00) — [11)
V2 V2
_ (0/0)(0] @ (0] = {110)0] & (1] [00) — [11)
V2 V2
_ (00 joo) —[11) _ 1
ERVCERR A

by symmetry also the second qubit has probability % of being measured as 0. Suppose that we
measure the first qubit and it collapses to 0. The post-measurement state is:

(10){0] ® 1)[¢) 100) —[11)
V{@I(10)(0] @ 1)) V2

while the first qubit collapsed to state 0, also the second qubit will now surely be 0 when
measured with respect to the computational basis. In some sense, [¢)) was telling us that the
two qubits still act like |—) when seen singularly, but measuring one of them also causes a
collapse in the state of the other one.

Observe that we could also perform a joint measurement of the two qubits via Z ® Z, the
probabilities of the outcomes would not change (i.e. the post measurement states are |00) and
|11) with probability 1 and it thus can never be |01) or |10)).

Yy = =V2-(/0)(0| ® 1)

= 100)

Computing the tensor product of two matrices. We end this section by looking at how
the observable Z ® 1 actually looks like. First, notice that the projection operators are:

Map ={[0){0[a ® 15, [1){(1[a ® 15}

with labels +1 and —1, respectively. In order to see this, we again take advantage of the
properties of the tensor product:

Ze1=(|0
=10)

{0 = [1){1]) @ (|0)(0] + [1)(1])

)
(0l ®10){(0]5 +0)(0[a @ [1)(1]p — |1)(1]4 ® |0){0[5 — [1){1]|a @ [1)(1|B

= |00)(00] + |01)(01] — |10)(10] — [11)(11]
10 0 0

o1 0 o

“loo -1 o0
00 0 -1

and the matrix clearly shows its eigenspaces (since it is diagonal).

In general, by playing around with the properties of the tensor product one can derive the
following general formula for the tensor product between two 2 x 2 matrices (which can then be
generalized to higher dimensions):

(2 0)se- (18 58)ee
3.4 The Stern-Gerlach experiment: part 1

We have an electron and we would like to measure its spin. Consider the following setup: the
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Figure 3.2: A simplified version of the Stern-Gerlach experiment to measure the spin of a
particle.

spin can be schematized as a qubit, where |0) indicates a spin-up, and |1) indicates a spin-down.
Moreover, we consider its position along the z-axis, as depicted in Figure 3.2. For simplicity we
assume that the position is in an integral domain. We have H 4, H p as the Hilbert spaces of the
qubit and the position of the electron respectively. Assuming that the state of the spin is |[¢),
and the position is initially |0), we apply the following transformation (through e.g. a magnetic
field):

0)(0] @ AT +|1)(1] @ A~

where AT = Y o |n+ L)(n| and A~ = Y 5 |n — L)(n| shift the position of the electron
respectively up and down by L. If [¢)) = «|0) 4+ 3|1), the new state of the electron is:

(10){0] ® AT + [1)(1] @ A7)J1h) 4]0) 5 = [0)(0]¢) ® AT|0)5 + [1){1¢h) ® A7|0) 5
= al0)a|+L)s + B1)al-L)s

In this way we created an entanglement between the spin of the electron and its position, and
we can indirectly measure the spin by looking at the position (indeed, measuring the position
will also change the spin, and one can formally derive this in a similar way we computed the
post-measurement state in Section 3.3). We will give more physical details of this experiment
later in the course.

3.5 Schrodinger's cat

In this section we analyze the famous thought experiment of Schrédinger’s cat: suppose to have
a cat in a closed, isolated box. In this box we also have an atom which may or may not decay.
If the atom decays, a vial of poison is released on the cat, and the latter dies. Otherwise, the
atom does not decay and the cat is still alive. We leave it, and after an hour we open the box
to see if the cat is still alive. A scheme of the experiment (bonus: my cat Giuliano!) is depicted
in Figure 3.3.

Formally, we can define the states of the atom, the vial of poison, and the cat with three
qubits, where the one representing the decay of the atom is in state |[+) (|1) indicates that the
atom decayed). The other two qubits, respectively of the vial and the cat, are initially in state
|0) (vial closed and cat alive). The quantum circuit for this system with three qubits looks as
follows:
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Figure 3.3: Schroedinger’s thought experiment.
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Thus, the state of the overall system is:
(1o AX) (AX@1) )00 = (10 AX) ((AX)+)]0) @ 1/0)
@AX) ((Ax) P00 m)
AX) (((AX) 100y + (A x) [10)) @ ]0))

Il
—
=

(100) + 1)) ® [0))

000) + — (]1 @ AX) [110)

(e

5 (1o AX)(
(®/\X) (1000 +|11o
5 (1o AX)

5 (

1/0) ® (X)\00)+7(]1]1 (AX) o))

- (0)  [00)) + E (I1) ®[11))

~]000) + [111)
a V2

Thus, at the end of the experiment, right before opening the box, the system will be in a
superposition between two situations:

e Either the atom decayed, the poison was released, and the cat is dead or

e Nothing changed, the poison vial is still closed and the cat is still alive.
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Opening the box corresponds to see whether the cat is alive or dead, i.e. using the observable
Il Zz

which either yields |000) or [111) with equal probability. We presented this experiment not only
to have another excuse to practice with qubits calculations, but also because it raises an impor-
tant question in quantum theory: when does the system exactly stop being in a superposition,
i.e. when does the measurement of the state actually occur? Trying to answer this question
raises different interpretations of quantum theory, and all of them are perfectly acceptable (i.e.
do not fall in contradiction with the theory).

25



Chapter 4
Uniform Dynamics

4.1 General setting

Consider a system with evolution Hamiltonian H. We talk about uniform dynamics when
the Hamiltonian does not depend on time. If we consider a unitary evolution operator U (t, o),
as discussed in Section 2.2, we can find its form by solving the Schrédinger equation:

HI(0) = ih o [9(0)

H U(t,10) Wo(t0)) = if (U, t0) (o))

This equation holds for every initial state |1)(¢g)); in particular we could pick a set of initial
states {|v;(to))}; that form an orthonormal basis for the Hilbert space, obtaining the fact that
the equation must hold at the level of the operators themselves:

HU(t,t) = mgtU(t,to).

This differential equation has the solution
U(t, to) = e~ nt=t0)

where the exponential of an operator is defined in Appendix A. This implies that the evolution
along the time interval [to, t] does not depend on the initial time ¢y, i.e. it is time-invariant:

Ult,to) = U(A)

Note that this does not imply that the actual evolution of a state does not depend on the initial
state, but only that an initial state always causes the same evolution regardless of the instant
the evolution takes place. The following properties can be derived from this assumption:

o U(At)-U(As) = U(As + At);
o Uk(At) = U(kAt);

4.2 Stationary states

Just to see another notation, this time we will assume a discrete Hilbert space. The above
condition gives another important property for the evolution operator U (t).

Theorem 4.1. In uniform dynamics, U(t) has time-invariant eigenvectors.
Proof. Consider the Hamiltonian H, and write its spectral decomposition:
H=VEVT

Notice that V' is unitary and F is real, by Hermiticity of the Hamiltonian. We rewrite the
solution of the Schrédinger equation:

Ut) = e~ it
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Thus, the eigenvectors of H are also eigenvectors of U(t), and they are independent of time. [

We also proved that, if spectral decomposition of H is:

H=>" Elk)k|

kEZ

then the spectral decomposition of U(t) is:

The eigenvectors (or eigenstates) of U and H are called stationary states of the evolution, in
the sense that during the evolution they only change their phase, and they do so with frequency:
h

In fact, consider for example a stationary |¢(0)) = |k) and how it evolves under these assump-
tions:

Wk

[%(8)) = U)[(0)) = Y e W' [k) (K |k) = e |k)

k/

2

o we have that the system goes back to the initial state:

Therefore, if we take a period ¢t =
2
UGk = [k).
Hence, in order to know how a system evolves under uniform dynamics, it is sufficient to know
the eigenbasis of the Hamiltonian {|k)}; and its eigenvalues Ej (or equivalently, the frequencies

wyi) and then solve the time-independent Schrédinger equation:

HIk) = Eg|k)

4.3 Evolution of a time-independent observable

Consider an observable A with eigendecomposition:
A= aglk) (k]
keZ

and assume it is time-independent, i.e. A(t) = A. We work on the temporal derivative of the
expectation of A in the state |¢):

d d

£<A> — aw(tﬂAW(t»
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<()\A ; (1) + Z(W(ODAW(W

<<>\A( mw)) - (
_ ( ) (( (1) H >A|¢(t)> by Hermiticity of H
= (< )|(AH — HA)|4(1)))

. %«wu)uA, H)J(t)

1
(W (t)\HJr> Al(t)) by Schrodinger’s equation

The minus in the third equality comes from (%) = —% (just check that this number is purely

imaginary). Here we define [H, A] = HA — AH as the commutator between H and A. Notice
that if [H, A] = 0 then A observes a conserved quantity since:

d 1
—(A) = — t)|[A, H]|Y(t)) =
S04 = = (WOIIA, Hp(0))
and, in fact, [H, H] = 0 tells us that we have conservation of energy (the quantum systems

we schematize with Hilbert spaces are closed by definition, we will see how to represent open
systems later). In order to give more intuition about commutators we state and prove the
following result, which will also be useful in the future.

Theorem 4.2. Two operators A, B commute if and only if they can be decomposed with the
same basis of eigenvectors.

Proof. Suppose there is an eigenbasis U such that:
A=UMNU"', B=UAgU™!
Then we can rewrite the commutator [A, B] as:

[A,B] = UNUYUARU ™ —UAgUTUALU !
=UAAAgU ' —UAgAAU ™!
=U[AA,ABJUT' =0
since two diagonal operators always commute.
To prove the other implication, we assume that each eigenvalue of A generate an eigenspace

of dimension 1 (the general case needs some more effort, but the idea is the same). If [4, B] = 0,
consider an eigenvector [1,) of A associated with the eigenvalue a. We have that:

A(Bl¢a)) = B(Altpa)) = aBliba)

i.e. |1e) and Blv,) are equal up to a constant factor (since they are both eigenvectors of the
same eigenvalue), if we let this constant factor be b we say:

B|wa> = b|¢a>

i.e. |14) is also an eigenvector of B. Hence, every eigenvector of A is also an eigenvector of B
and vice versa (with a symmetric argument). O
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Exponential of a matrix. Here we make a little note about the exponential of a matrix.
Notice that the property of exponentials:

holds if A and B commute, i.e. [A, B] = 0, but it is not true in general unlike the exponentials
of scalars, where the multiplication is commutative.

Theorem 4.3. If [A, B] = 0 then eA+8 = e4eB.

Proof. Since AB = BA, we can use the binomial theorem on (A + B)™:

A+B

o

S|~

e (A+ B)" definition of exponential

!

3
Il
=)

by binomial theorem

I
L
S|
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3
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3
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3
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3
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(o) Bm
< E ) — B by Cauchy formula,
O

The Heisenberg picture. One may ask what changes when the observable A is not time-
independent, and what the physical meaning of an observable that changes over time is, when
the whole information about the evolution is already enclosed in the state |1)). The first question
is easily addressed: we would get a new additive term of the form

WOl (54) 6©)

For the second question we can say that, in general, one may always assume that the observ-
able is time-independent, and any change on observed quantity can be captured by the state.
This is called the Schrédinger picture of an evolution. A different but equivalent view of the
formalism is called the Heisenberg picture, in which we aggregate the evolution operator to
the observable:

WA (X)) = (U ) AU D) = @IUT AU ) [0) =: (WIA®D))

4.4 Qubits: implementing a rotation on the Bloch sphere

Consider a matrix Rz(f) representing a rotation on the Bloch sphere around the z-axis (the one
containing |0) and |1) in Figure 4.1).
Such a rotation will have a “uniform” property (not with respect to time, but with respect
to the angle 0):
Rz (01 + 02) = Rz(01)Rz(02)
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Figure 4.1: Rotations of the Hadamard basis around the Z axis on the Bloch sphere.

We would like to compute such a matrix (in order to, say, express it as a function of the
Hamiltonian and implement it in some way). We start by looking for the stationary states.
Notice that the only states which are not changed by Rz are the ones on the rotation axis, i.e.
0),]1): |

R7(9)|0) = *°?|0)

Rz(0)[1) = e*17|1)

In order to find wy,w; we do the following calculation:

Ry (g) 4) = Ry (g) | |0>}2I1>

_ \2 (Rz (g) 0) + Rz (g) |1>>

1 . P
= E <€1w05|0> + €lw1§|1>)
L i 0) +[1)

V2

We would like the last equality to hold (since that would be the result after a rotation of /2
around the z-axis, see the Figure 4.1). The term e'® is there to take into account a possible
global phase (which we know is irrelevant). Possible values are wg = —%,wl = %, which yield
a global phase ¢ = 7 (check it!). Since we now know the stationary states of Rz(f) and the
relative eigenvalues, we can write a general expression for it:

Rz(0) = e=/20)(0] + /2|1)(1] = e~ %7

Note that this is not the only way to define Rz(#) (the two frequencies of the stationary states
are not unique, and they may just yield a different global phase along the rotation), but choosing
this representation makes Z show up, which is particularly neat. Moreover, one can check that:

Rz (2m) = e=[0)(0] + ¢ [1)(1] = —(|0){0] + [1){1]) = ~1

You can imagine that, if we wanted to implement this rotation, we would need U (t) = Rz(wt)
for some frequency w, and the Hamiltonian of our evolution should be of the form ¢Z for some
constant c¢. Indeed:

Do) = & (Bawr) ()

30



iw —iw iw W
= (=)0 + e ) 1)) [0(0)
If we multiply both sides by A we obtain:

5

001 ) )

and the derivative on left-hand side is clearly H|y(t)) = HRz(wt)|1(0)), by Schrodinger equa-
tion. We guess that H = %Z and, in fact, we obtain that:

H Ry (wt) = "2 (10)(0] — [1)(1]) (e~ /2/0) 0] + e/ 1)(1)

= (20 0] - ) 1))

which is exactly the expression above. Notice that we may similarly construct Ry (wt) for a
rotation around the z-axis (the one containing |+) and |—)).

4.5 Symmetries

We now talk about a notion that will become useful later, e.g. in Chapter 10 when introducing
potential.

Definition 4.4. A unitary matriz V is a symmetry if and only if
VU(b)|[y) = U6)VI]y)
for any state ), and instant t.

This definition tells us that a transformation by a symmetry gives the same effect if applied
before or after a certain evolution. In particular this means that V' commutes with U(¢):

V,Ut)]=0=[V.H] =0

We can say that an observable A observes a conserved quantity if and only if ¢ is a
symmetry.
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Chapter 5
Position and Momentum

5.1 The momentum basis

Suppose to have a continuous Hilbert space H spanned by a basis {|z)},, which you can imagine
to be the position basis of a particle along an axis. A state |1)) of a particle can be expressed as:

) =110) = ([ la)elde ) 1) = [ le)Geldde = [ wia)la)do

Now assume to have another basis {|p)}, of H. Following the same argument, we can express

|1) also as:
~ [ w)p)ds
R

For some wave function v (p) = (p|¢), which will be different from 1 (z) in general. We now
choose a very particular basis here, i.e. the one that satisfies”:

(z[p) =

. sz/h — |p zpm/f|m

v ke

e~ /" and we can also write |x) in terms of the basis

1
V2rh
Notice also that (p|lz) = ((z|p))T =

|p) in a similar way:

QH
=t

fzp:p/h‘p

x
) \ﬁ
Theorem 5.1. {|p)}, is an orthonormal basis for H.

Proof. We need to show that, given (z|2’) = é(x — '), we have (p|p’) = d(p — p). In fact:

o) = (g foom i) (s [ )
= % (/R e_pr/h<:U|d:):> (/R e xm\x)dm)
_ % /R /R =i PR N (10 dipda!
= % /]R e~ =W =p)/ Ry — S(p—17p)
where the last equality derives from the properties of the Dirac delta (Corollary A.9). O
If we define the basis {|p)}, in this way, what happens to 1(p)? We find that:
v(p) = (pl)
— ol ([ Ie)(alde) 10)
= [ Gla) alv)da

“Tt is also possible to find the definition of (z|p) with a minus sign in the exponential. The equation for
(p|z) would then change accordingly. In the following we used a definition consistent with Schumacher and
Westmoreland [1].
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1 .
= \/ﬁ/Re_’px/ﬁw(x)d:c

which is exactly the fourier transform of ¢ (z). With the exact same argument we find that:

Y(2) = eI (p)

o

i.e. the inverse fourier transform of ¢(p). Later in this chapter we will see how in fact this
definition of momentum influences the speed, i.e. the derivative of (X).

5.2 The momentum operator

We already seen the position operator, i.e. its observable:

X:/Rx]:r)(x]d:c

In a similar way, we can define the momentum operator:

P= / plp)(pldp

Let us see what happens to the wave function ¥ (x) when we apply the momentum operator:
(@lPl0) = Gl ([ plo)plap) 0
= [ plalp)iv)dp
1 / pa/h T
=—— [ p- P Y(p)dp
\/7

ﬁ i ( 5o - Blw)dp
/i g, )dp)

B 83: (x/ﬁ
= —ih%ﬂ)(l’)

Therefore, we usually write that P is an operator such that:

0
P:y(x) —» —th—y(x
U(a) > —ih (o)
Moreover, a way to write the expected momentum, which will be useful in certain cases, is:

(P) = (¢[Ply)

= I ([ lo)(alds ) Plo)
= @l ([ Io)(alds ) Plo)

= [ @le) (alPli)da
R

. NG
= —i [ v(@) 5 -b(a)de
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5.3 The position-momentum commutator

In this section we will compute [X, P] and discuss the implications of the result. Let us start
by computing the wave function of the state X P|t)):

(x| X Ply) = ({x|X) Pl¢)
= (x(z|) Pl¢) since |z) is an eigenstate of X

= —ih:caax@b(x)

The computation of the other part of the commutator PX|¢) is a bit less straightforward:
(x| PX|¢) = (2| P (X]))
— (aP ([ sle) (ol)iz )
= (z|P (/Rx : 1/1(x)]a:>dx>
= (2| P|¥')

here we are abusing the notation a little bit: notice that [¢') is not a valid state, since z(z) is
not normalized in general. However, it is useful to think of it as a state because now we know
immediately that, by the properties of P:

(x| PX[¢p) = (x| Pl¢)

L0
= i (o ()

0
= —2h$%¢(x) — il ()

Putting the two results together we get:

(z| (XP — PX)|9)) = —ihxaaxw(a:) + ihxaaxz/z(a:) + i (z)
= ih- ()
We just found that [X, P] acts as:
(X, P]: ¢(z) — ih-2(z)
Therefore [X, P]|y)) = ih|) for every state |1)), implying:
(X, P] =ikl

This is called canonical commutation relation between position and momentum. What does
this mean? Recall from Section 4.3 that the derivative of the expected position (X) of a state
changes according to the commutator [X, H], where H is the Hamiltonian of the evolution. We
will see later in this chapter that the position operator P and the Hamiltonian are closely related
to each other, in a way that nicely resembles the total mechanical energy of a classical system.
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5.4 Transformation of observables in the commutator

We proved that [X, P] = ihl, but what if we wanted to compute [f(X), P], for some function
f7 We will take advantage of the following simple result:

Theorem 5.2. The commutator [A, B] between two operators A, B is bilinear.

Proof. If we consider a linear combination on the left operator:

[a1 A1 + a2Aa, B] = (a1A1 + a2A2)B — B(a1 A1 + a2As)
=a1A1B 4+ a2A9B — a1 BA;| — as BA,
=a1(A1B — BA;) + a3(A2B — BAs)
= a1[Ay, B] + as[As, B]

The argument for a linear combination on the second operator is the same. O

Now take the Taylor series of f:
oo
f(X) = Z an, X"
n=0

By Theorem 5.2, we can rewrite [f(X), P] as:

[f(X)vP] = [Z aan,P] = Zan[XnvP]
n=0 n=0

Thus all we're left to do is compute [X", P] for every n:
Theorem 5.3. [X", P] = ih-nX""!

Proof. We prove this by induction: for n = 1 we already know that [X, P] = ihl = ih- XV, If
we assume the claim to be true for n — 1 we have:

[X" P]=X"P— PX"
= X" 1(Xxp)- PX"
= X" Y(PX +ihl) - PX" since XP = PX + [X, P]
= ihX" 4 X" PX - PX"
=ih X"t 4+ [X"1 PIX
= kX" ik (n— 1)X"2X by induction
= ih-nX""!

O]

For a bit of intuition about this, you may notice that the expression of [X™, P| gives ih
times the “derivative of X™ with respect to X”, which aligns with the fact that P maps 1(z) to

ih- ().

Now we are ready to plug this expression into our Taylor series.

[f(X)vP] = Zan[XnvP]
n=0
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. - n—1
=ih- Z anpnX

n=0
—in iani(xn)
= 0X
0 > n
=1ih 87 (nz%(lnX >
0

With an argument symmetric to the one we presented, it is also possible to prove the following:

. 0
X, (P)] = ihs S £ (P)

5.5 Hamiltonian of a particle in one dimension

Consider a particle moving along the z-axis. The general Hamiltonian for a particle of (real and
constant) mass p is:

Recall that the Hamiltonian is the observable for the total energy of the system. Here we are
decomposing the total energy in a classical way:

e The first term indicates the kinetic energy, where P is the momentum operator, i.e.
the observable of the momentum of the particle. This term should not be a surprise: in
classical physics, a body of mass m and speed v has a total kinetic energy of:

1 1 p?
Ex = —mv? = —(mv)? = —
K= 2m ) = o

e The second term is a symmetry called potential energy. As you may recall from classical
physics courses, the potential energy is a quantity of energy due to the position of the body
in a space containing a (conservative) force field. Classical examples are gravitational
and electrical fields.

5.6 Evolution of an observable: Ehrenfest's theorem

For an observable A we already saw that, in order to analyze the derivative of (A), we need
[A, H|, where H is the Hamiltonian of the observed system. Therefore:

A, H] = — [4,P?] + [4,V(X)]

|
20
which is extremely neat, since usually the observables we work with either depend on X or P

(and thus one of the two terms vanishes). Let us see some examples, starting from [X, H]:

(X, H] = ;M [X.P?] + [x,V(X)]
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Notice that [X,V(X)] = 0 since V(X) can be expressed as a Taylor series involving [X, X"],
which are all zero (why?). Thus, we are only left with:

1 1 P
[X,H] = —[X,P? = ih—2P = ih—
2p 21 p

This gives a relation between the momentum of the particle as we defined it, and its speed,
finally aligning our definition from the classical meaning of linear momentum.

Theorem 5.4 (Ehrenfest’s Theorem I). The derivative of the expected position of a particle is

its expected speed, i.e. the expected momentum over its mass:

5 X =P

Proof.
500 = 2L H) = 01 (10 ) 1) = LwiPle) = 1(P)

Let us now work with [P, H]:

[P, H] = 21H[P, P2+ [P,V(X)] =[P, V(X)] = zhai(V(X)

this leads to a result which closely resembles the second principle of classical dynamics:

Theorem 5.5 (Ehrenfest’s Theorem II). The derivative of the expected momentum of a particle
is the total external force acting on it, i.e. the spatial derivative of the potential.

0 0
AP = (5 V(X))

Proof.
P) = I ) = 0] (0 52V (X)) ) = (2 V(X))
U

These theorems more closely resemble their classical counterpart when we are in 2 or 3
dimensions and these actually are written in vector form. We will see how to generalize our
formalization to more dimensions later.

5.7 Schrodinger equation for a free particle

We have a free particle when no external force is applied, i.e. V(z) =0 and H = %j. With a

similar argument as the one for P given in Section 5.2, P? acts on a state [¢) in the following
way:

P22 () = (—if)?-2 (@) = -2 (@)
’ Ox? o2

Therefore we can multiply the Schrodinger equation we know with (x| in order to derive the one
for the wave function:

P? .0
ﬂllb(t)) = iho [¥(t)
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1 0
5 (P00} = i (alu (1)
h2 92 .0
—@@T/}(xat) = Zhai/}(xat)

On the other hand, in order to solve the Schrodinger equation in this case, it may be useful to
work in the momentum basis, since only the momentum operator appears. Hence let us try to

multiply by (p|:

P2 e
EW(W = ZhaW(t))

S PIPP(0) = ih - ol 0)
P o0
o0l = ihg ()

and this is a simple homogeneous differential equation with solution:

— — 'Lp2t

Y(p,t) = P(p,0)-e 27

Finally, in order to find ¢ (z,t) we can simply apply an inverse Fourier transform to this solution.
In general, it is a good idea to:

e Start with the initial state ¢(x,0);

e Transform 1 (x,0) — ¥ (p,0);

e Evolve the state in the momentum basis;

e Apply the inverse Fourier transform to find the evolution in the position basis.
We will see a practical example of this in Section 9.3 when discussing the double slit experiment.
Stationary states. Recall that a stationary state is an eigenstate of the Hamiltonian and only

their global phase changes over time. We can derive the same conclusion for the wave function
of stationary states:

(1)) = e Ft/My(0))
(@l (t)) = e ERM(z]4p(0))
P(x,t) = e*iE’“t/hw(m, 0)

Finding the stationary states of a Hamiltonian is a very important problem in many branches
of science, from chemistry to pharmacy, and one of the main promises of quantum computation
is to be able to compute them in feasible time.

38



Chapter 6
Dynamics in 3D

6.1 Position and momentum in space

In this chapter we will see how to extend what we saw for continuous systems involving the
position of a particle to the general setting of a three-dimensional space. Just like when we have
to consider multiple qubits together, we can express the Hilbert space of a three dimensional
system as tensor product of the spaces corresponding to the three axes of the reference frame
we want to consider:

H="H, ®Hy ®H. =span{|z) @ |y) ® |z),2,y, 2 € R} = span{[r), r € R’}
where r denotes the position vector. Thus, the state of a particle [¢)) can be expressed as:

V) = (1, @ 1, ® 1,) |¢)

(( [attatds) o ([ twlay) o ( [ 1266l ) 10
(/// )l © )] [2) (eldodydz ) 1)

([[, k=) oltyleldndya=) 1)

= /// (e ) dadydz

—/// da;dydz_///

The momentum basis is, by the properties of the tensor product, immediately derived using
three independent Fourier transforms:
1 ipgz/h

. 1
= . : = . e'Pyy/h L) =
(7|ps) e . (ylpy) ol o (zlp2) G

. etpzz/h

Hence also the following is a basis for our space:
H = span{|p;) @ |py) © |pz), pxs Py, p- € R} = span{|p),p € R’}
We can directly express |p) in terms of |r) in a very elegant way:

(rlp) = ((=[(wl{z]) (Ip2)[py)|P2))

= (2[px)(ylpy) (2|p=)

_ Y gpeen L i L ipezm
V2rh \V2mh \V2mh

— # . ! Pzatpyy+p=2)/h
(27h)3/2

— # . pipr/h
(27h)3/2

And this gives us a natural extension of what we already know:

7 1 ipr
Y(p) = W // s Y(r) - e® /ﬁdxdydz
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6.2 Momentum operator in 3D space

Using a simple tensor product, in a similar way we did when we tried to measure only one out
of two qubits, we can define an observable to each component. For example, we can define the
observables for the components of the momentum as follows:

P, = (/Rpacpx><pw‘dp$> ®l1,®1,
Py=1,® (/pr|Py><py|dpy) ® 1,

P,=1,® ]ly & (/sz|pz><pz|dpz>

They act on the wave function in the way we have already seen (the calculations to derive this
do not change at all, we simply keep the other two variables fixed):

P, :9Y(r) — —ihac{;w(r)
%=wmﬁ—m£wm

P 0(r) = —ih o y(x)

Since we will use it to observe the kinetic energy of a particle, here we also define the squared
momentum operator P2

P* =P} + P} + P? :///Ra (2 + %+ p2) Ip) (Pld°D

And, by exploiting linearity, P? acts on the wave function analogously as what we have already
seen in the one dimensional case:

2 2 2
P2:w(r)—>—h2<a+a+ 0

o2 8y2 822> T/f(r) - _h2v21/’(r)

where V2 is the Laplace operator.

6.3 Schrodinger equation for a free particle in space
The Schréodinger equation remains unchanged in this extension to multiple dimensions:

.0
HI) = it 1)

and, for a free particle, we again know that the Hamiltonian H is:

Thus, if ¢ is the wave function with respect to the position basis:
p? L0
ﬂh@ = ZFL&W})
p? 0
) = ih—
(@l 1) = it (al)
_h2

0
o V= zﬁatz/J
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Chapter 7
Variance and Wave Packets

7.1 Motion of a free particle

Classical physics tells us that, whenever the net force acting on an object is zero, this object
has constant velocity, i.e. it is either at rest or it moves at constant speed towards a constant
direction. Ehrenfest’s theorems tell us that this classical behaviour is followed (in expectation)
also in quantum systems. In fact,

%@ (L yx)) =0 = (P), = (P

which means that the expected momentum is conserved. Moreover, as outlined in Figure 7.1,

9 (P) (P)
— (X)) =+ = (X)) = (X)g+ —t
50 = L = () = (X)o+
and this extends to each component of a possible two- or three-dimensional space.

What we need now is to quantify uncertainty and, to do so, we use a well-known quantity:
the variance. We denote the variance of an observable A as AA2. From probability theory (a
short recap is given in Appendix C) we know that the variance can be rewritten as:

AA? = (A7) — (4)?

Example with the position operator. For a Gaussian wave, we can visualize the variance
AX? as the “spread” of the probability density function (see Figure 7.2). Later in the chapter
we will formally see how we can use these Gaussian wave functions to model the behaviour of
the considered systems.

7.2 Variance of the momentum

In order to better understand the motion of a free particle, we take a look at the variance of its
momentum over time:

(AP?) = (P*)— (P)?

(X)o+ L

Figure 7.1: When momentum is conserved, the average position changes linearly over time.
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() ?

Figure 7.2: Approximate representation of the variance of a 1-dimensional Gaussian wave.

The second term is clearly constant, by Ehrenfest’s Theorem II. What is interesting is the fact
that also the first term is constant:

0 1
51 (P2 = (PP ) = 0

since [P?,H] = 0, as H = P?/2u for a free particle. We just found that the momentum of a
free particle not only preserves its expectation, but also its variance, i.e. we do not accumulate
uncertainty about the momentum of a free particle over time.

7.3 Variance of the position
Now we look at the variance AX? of the position:

(AX?), = (X*) = (0]

2
= (X?); — ((X>0 + ;(P)) by Ehrenfest’s Theorem I
2
— (X2, - (X)2 - ZQ<P>2 2j<X>o<P>

We take the derivative of (X?) in order to analyze it:

0% = (X H)) = i

(X%, P%)
In order to go ahead we’ll use the following trick:

Theorem 7.1. [AB,C] = A[B,C|+ [A,C|B

Proof.

A[B,C] + [A,C]B = A(BC — CB) + (AC — CA)B
— ABC — ACB + ACB — CAB
— ABC — CAB = [AB, (]

Thus, [X?2, P?] can be rewritten as:

(X2, PY =[XX,PY=X[X, P+ X, PX
=X (ihi(ﬁ)) - <ih£D(P2)) X
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= 2in(XP + PX)

Thus, if we go back to the derivative above:

9,2 1 2 p2 1

el = X P?) = —(XP+ PX

57 (X3 = F (X PY) = (XP+ PX)

which still does not tell us much. We try to see if the second derivative give us some relevant

information:
82
a2

10
(X?) = ;§<XP + PX)

And we (again) replace the temporal derivative of the expectation of this observable:

0 1
—(XP+ PX)=—(XP+PX,H
SHXP+ PX) = —(XP+ PX, H])

1

= —([XP+ PX, P?
1

=3 h<[XP’ P? +[PX, P%) linearity of commutator
i
1

= 5 (([XP, P%)) + ([PX, P2]>) linearity of expectation
i

Let us treat the two commutators separately:
[XP, P?] = X[P, P?] + [X, P}]P by Theorem 7.1
= [X, PP

= (ma‘;ﬁ) P
= 2ihP?
and, by the same argument:
[PX, P?] = P[X, P?] + [P, P?]X = P(2ihP) = 2ihP*
Thus the second derivative of (X?) becomes:

0% o 10
8t2<X >_,u8t<XP+PX>
11
 p2iph
11
 p2iph
2 52
:pUD)

This leaves us with the following second-order differential equation:

9? 2
@Q{Q) =2

((x P, P?) + ([PX, P?)))

(4ihP?)

1

(P?) = (X?)y = S (P))*+Ct+ D
1

In order to find C, D we impose the initial conditions:

C= [%<X?>LZO = L(XP+ PX)
D = (X?),
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[(x)?

Figure 7.3: The Gaussian wave of the position at time ¢ (in red) has spread with respect to the
initial wave function (blue).

Putting it all together we finally obtain the expression for AX?:

(AW)_taP%+t@P+PX)+M%<Xyﬂuy+QQXHP>
t_,u2 L 0 0 0 NQ ; 0
2
:;&Apﬁ+;«XP+PXN+%X%GW+(AX30

This is telling us that the variance (and thus our uncertainty about the position), grows quadrat-
ically over time. This concept is visualized in Figure 7.3.

7.4 Wave packets

A special form of wave functions are the so called wave packets.
Definition 7.2. A wave packet is a wave function of the form.:
U(@) = Plar — o) -

where ¢(x) is a real function called the envelope function of the wave packet, while k is the
frequency.

In this case, the expectation (X) corresponds to:
(X) = [ afo(a)ds

= [ alé(a — o) Pds
R

= / (z + z0)|p(2)|*dx substitution x < = + xo
R

= 2 +/x\¢(x)\2daz

R

i.e. (X) depends exclusively on the envelope. From now on we will assume without loss of
generality that ¢(z) is zero-mean, i.e. the second term vanishes and the expectation of the wave
packet is exactly the shift xg: notice that we can always reduce to this case by redefining ¢ with
a shift. Wave packets are particularly interesting also because of the neat form of the momentum
wave function (which also explains the role of the term ei*?)
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Theorem 7.3. Consider a wave packet ¥(x) with frequency k and envelope ¢, where the enve-
lope has expectation xg. The momentum wave function ¥ (p) is:

O(p) = ¢(p — hk) - e~ P=o/"

where ¢ denotes the Fourier transform of the envelope.

Proof.
00) = <= [ vy
2mh Jr
1 , .
=—— [ ¢(z— wo)e’kxe*’px/hdx
V2rh /R
1 A A
= —— [ ¢(x)eF@tao)ip(ztzo)/h g, substitution z « x +
V2rh /R
T o .
_ ko o szo/h/ ¢(x)ezkm€ zpm/hdl_
V2rh R
1 , .
— —i(p—hk)xo/h ¢( ) 7z(pfhk)x/hd
e x)e x
V2rh /]R
where the hk at the exponent gives only a global phase. O

Notice the symmetry: while ) has expectation zg and frequency k, the momentum wave
function has expectation py = ik and frequency xo/h [this needs to be further justified; check
proof of this statement in book, and turn it into a lemma.|. The symmetry would be even more
evident if we redefined a wave packet as:

B(z) = ¢z — m0) - €70/ — P(p) = dp — po) - e~ P/

On the other hand, the elegance of this statement not only lies on the symmetry it shows. We
expect that using ¢(z) with mean xg instead of ¢(z — xp) with zero-mean does not change
anything. Indeed, by property A.7 of the Fourier transform, a shift z yields a factor e~#o/h
on the total transform.

7.5 Gaussian wave packets

A wave packet is said to be Gaussian if ¢(x) has the following form:
1 _(=—ag)?

Pz —zo) = g—s-e 4

This name comes from the fact that |1(z)|? is exactly a Gaussian distribution (the term e’
always has magnitude 1):

kx

9 1 _(1—18)2
= . 20
Bl = S

and we know from probability theory (Theorems C.10 and C.11) that this yields (X) = xo and
AX? =2

Gaussian wave packets nicely explain where the term “envelope” comes from. In fact, if we
plot the real and imaginary parts of ¥ (x) (Figure 7.4), we can see that they are nicely enclosed

between ¢(x) and —¢(z).

45



Figure 7.4: Plot of the real and imaginary part of a Gaussian wave packet.

The derivation of the momentum wave function is a bit more challenging: Gaussian wave
packets are interesting because Gaussians are eigenfunctions of the Fourier transform (i.e.
transforming a Gaussian still yields a Gaussian):

1 _ﬁ - 4 20’2 702;02
W)= g = 0D = e

Thus, we deduce (with the aid of Theorem 7.3) that the momentum wave function yields a
Gaussian wave packet with expectation (P) = hk and variance AP? = %.

Free evolution of a Gaussian wave packet. Let us see an example of free evolution for
these types of waves: now that we know expectation and variance of position and momentum
we can apply the expressions we derived in Sections 7.2 and 7.3:

<X>t = <X>0 + <i>t =z + 7Z€t
(P), = (P) = hk
(APZ)t = AP? = 47222

What is left to compute is the variance of the position. We will not show here that, in the case
of a Gaussian wave packet:
(XP+ PX)o+2(X)o(P)=0

i.e. the linear term of the expression for (AX?), vanishes. This leaves us with:

AX2 = Ajfﬁ + (AXQ)O -

+2 2
1022 +o

7.6 Group and phase velocity

Consider a generic wave packet for a free particle evolving over time, with momentum wave
function:

D(p,t) = d(p — po) - e~ P20/1 . =iwp/D

The rightmost term is actually new, and it directly comes from the term e~*H/ in the evolving

state: w(p/h) = w(k) is a temporal frequency, and it tells us how the phase changes through
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time (note that the term e~"*0/" we already had gives us the evolution of the phase over space).
The position wave function can be found by an inverse Fourier transform:

1 _ A | |
) = \/7/ ¢(p — po) . e—szo/ﬁ . e—zw(p/h)t . €W/ﬁdp
F / d(p — po) - @PE=T0)/h . o=iw(p/h)t gy,

= \/th / ho(hk — po) - e~ Wt gik(@=z0) g, replacing p < hk
wh JR

Now we will do a Taylor expansion of w(k) around a particular point k = kg = po/h (which,
in general, is the peak of the envelope), in particular we take ko as the peak of the envelope of

¢(hk — po):
w(k) =~ w(ko) + ' (ko)(k — ko) =: wo + wjy(k — ko)

The transform can be rewritten as:

/ h(hk — po) - e~ woteh(k—ko)t _ ik(z—z0) g
R

ei(kgz—kozo—wot)/ hq@(hk . pO) . ei(k—k:o)(z—a:o—wét)dk,

2mh

1 Zk?o (x—x0— t)/ i(p—po)(z—zo—wt)/h
= . d

oo o(p — po) P
= MR 0 - ag - wht

We found that the position wave function can be decomposed into:
e An envelope term, whose peak moves with velocity vy, = wy, called group velocity;

e A plane wave term, with a phase propagating with velocity v, = Called phase veloc-
ity.

On this Wikipedia page there is a nice visualization of some evolving wave packets with different
group and phase velocities.
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Chapter 8
Dynamics of Composed Systems

8.1 Non-interacting systems

Consider two systems with state spaces H 4, Hp that are non-interacting, i.e. the Hamiltonian
H of the total system H 4 ® Hp can be expressed as

H=H;,1g+14® Hp

In this section we will see how the evolution of the two systems will remain separated (which
makes sense as they are non-interacting, even if we are considering them as a single system).

Computing the evolution operator. We want to know what the evolution operator U (t)
of two non-interacting systems in tensor product looks like. We start by writing U(¢) in terms
of the Hamiltonian:

it

it
U(t) = exp (—%H) :exp( h(HA®IlB+]lA®HB)>

Now notice that the commutator [H4 ® 1,1 ® Hp| is:
[Ha®1p,14®@ Hpl = (Ha® 15)(1a® Hp) — (14 ® Hp)(Ha ® 1)
=Hs® Hp—Ha®Hp =0

i.e. operators acting on non-interacting systems always commute, which again makes sense:
transformations acting on independent systems should not interfere which each other. Thus the
property of exponentials (Theorem 4.3) holds:

)t
U(t) = exp (—Zh(HA RIp+14® HB))

it

= exp <—Z(HA ® ﬂB)) - exp ( h(lA ® HB))

We found that the evolution operator can be expressed as the product of the exponential of
local operators (i.e. operators acting only on one subsystem). Moreover, notice that

(Ha®1p)" = (Hf ® 1) = (H} © 1p)

as we can just distribute the operator multiplication with respect to the tensor product. With
a Taylor series trick, we obtain:
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A similar argument can be applied for the other term by bilinearity of the tensor product, and
putting it all together we obtain:

U(t) = exp (_Z(HA ® 113)) - exp (-Z(HA ® HB))

- <exp (—ZHA) ® ILB> : (Lx ® exp (—Z;HB»
— (exp <—Z;:HA) -ILA) ® (JlB - exp (—gHB»
= exp <—ZHA> ® exp (—itHB>

=Ux(t) ® Up(t)

In fact, this is the only result we could expect: in this way, any unentangled state will keep
evolving the subsystems independently as

(Ua(t) ® Up(1))(|¢a) @ [¥5)) = (Ua(t)[v4)) @ (Us(H)[¢'5))

8.2 Local observables
Suppose now that we have a local observable, i.e. that only observes one of the subsystems:
M=Ms®1p

We would like to see what happens to its expectation over time. As we already know, we need

to look at the commutator with the Hamiltonian:
0 1
—(M)=—(M,H
£y = (M, H])

Let us see if we can simplify the commutator:

[M,H|=[Ms®1p,(Ha®1p+ 14 ® Hp)]
=[Ma®1p,HAa® 1]+ [Msg® 1p,14 ® Hp]
=(Ma®1p)(HA1®1p) — (HA® 1p)(Ma® 1)+

+(Ma®1p)(1a® Hp) — (14 ® H) (M4 ® 1)
=MpHA®1p—-—HsMAa®@1p+Mas®@ Hp — Ms® Hp
= (MaHs — HyMy) @1
= [My,Hal®1

And this is enough to prove that only the commutator of the first subsystem influences the
evolution of the observable as
0 1
M) = —
8t< ) ih
1
= —([Ma,H 1
7 ([Ma, Ha] ® 1p)
1

7 WO ([Ma, Ha] ® 15) [$(2))
1

= S (WO)UT(t) - (M4, Hal @ 15) - U(B)]2(0))

([M, H])
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= L) (T HAUA®) © (U0 - Us(®) [0(0)
= O] (ThOM HAVAD) © @R)0)

The last two steps are quite insightful: they are basically saying that no matter the evolution
of the second system, we will get the identity on its term, i.e. the local observable M cannot
distinguish possible evolutions of the system B, which seems intuitive, given the definition of
M. Indeed, if 1) is unentangled, i.e. |1)) = [1p4) ® 1)), the above expression simplifies to:

(M) = - (0aO)] (U4 01Ma, HAJUA®D) [04(0)) 5 (0) 1515 (0)
= - WA(IMa, Halloa(t)

This is what we call non-signaling principle between systems.

8.3 Indirect measurement and the modular momentum

In this section we discuss a general method to implement observables that are not directly
measurable, then we will see a concrete example with a deeper analysis of the Stern-Gerlach
experiment, which we discussed briefly in Section 3.4. Consider two Hilbert spaces:

H=Hs®@H,

and an observable M on H 4 that is not directly measurable, for example an internal degree of
freedom (like spin) of a particle:

My = aglk)(k|a
k

The second subsystem represents something easily measurable, such as the position of some
particle. The idea is to evolve the system using a suitable interaction Hamiltonian, in such a
way that, after the evolution, the subsystem we want to measure and the one we can measure
are entangled in a convenient way. At this point it will be sufficient to carry out a measurement
on the latter. For this purpose, we propose the following interaction Hamiltonian:

it

H:MA®Px:>U(t):exp< -

(Ma® Pa:))

It is worth noticing that this is not the same as the Hamiltonian in non-interacting systems we
discussed in Section 8.1.
Given an initial state

o) = (Z Ck\@A) ® [Yo)e =Y cklk)a @ [t0)a
k k
its evolution can be computed by using the definition of exponential (as usual):

it

UO)d0) = exp (=5 (Ma Py)) (Z alk)a ® |wo>z)
k

- <_g (z ) (K & P)) (Z ik ® wm)
k k
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This tells us that this Hamiltonian perfectly entangles the two subsystems in such a way that
the state of the second subsystem has a term a; upon measurement of state |k) on the first
subsystem. We let Ly = t - ag, and define a new operator called the modular momentum

operator: )
1

——LiP

exp( h k )

We use the modular momentum operator to analyze the evolution of the position state, express-
ing it in the momentum basis:

M) = [ P ) p)dp
= [ 35 (5er) dowas
= 3 (i) o sie P =571
= [ dolw) e [p)ap

Thus the momentum wave function of |¢p) = e~ P |¢)g) is

b(p) = Yo(p) e Lxr/h

We just found that the modular momentum operator acts on the momentum wave function as:

exp <_;Lkp) Lo (p) — o(p) e Lwp/h
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Figure 8.1: The modular momentum operator shifts the position wave function by Lj towards
the positive direction of the axis.

Now we can find the position wave function with an inverse Fourier transform:

1

— [ dolp) e/t el
1

— /Rq’/jo(p) eP@=Li)/h gy,
= o(z — Lg).

P(x) =

We found that the modular momentum operator exp(—iLP/h) shifts the position by Lj to the
right, as depicted in Figure 8.1, and generally acts on the position wave function as

exp (—;LkP> s o(x) = o(x — Ly).

If we go back to our evolution and replace L we obtain:
- it
UO1d0) = X culkha ® exp (= anPs ) o)
k
ZE)MMA®A¢dm—mwumz
k

We actually associated the state of the first subsystem with a position shift in the second
subsystem. In the case where [¢)y) has a Gaussian wave function, we can also see that the wave
stayed intact, but its peak is shifted. Thus, if we wait for long enough (i.e. ¢ sufficiently large,
Figure 8.2) we can make the points {t - a } sufficiently distant from each other, making the
overlaps between waves negligible. At this point one can construct an observable on the position
by partitioning the z-axis in regions centered on the peaks {t - ay}r. Notice that the actual
Gaussians in the induced probability mixture are also scaled by the factors ¢;: peaks associated
with more probable |k) must also be observed with higher probability.

We want to stress the fact that the time ¢ we let the system evolve before measuring the
position must be chosen in relation to the variance of the initial position state. If the value of ¢
is too small, it will give rise to a problem of weak measurements (we obtain little information
about the first subsystem through a measurement of the position, as the peaks are too close:
see Figure 8.3). The same thing could happen if the initial variances of the position were too
large. There is still active research on this topic.

Another choice of coupling between the system to be measured and the pointer is given by
the Hamiltonian ”

H:m®&:w@qw(ﬂm®&»
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Figure 8.2: The initial Gaussian wave function (blue) evolves to become a superposition of
Gaussians with different means (red).
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Figure 8.3: Examples of weak measurements due to small ¢ (left) and high initial uncertainty
in position (right).

The final effect will be analogous to the previous Hamiltonian: it will shift the momentum wave
function and multiply the position wave function by an exponential. To see this, we can apply
the unitary to the initial state:

it

Ui} = exp (~ 5 (Ma ® Xa) ) (Z all)a @ rwo>x)
k

it
= ch\k)A ® exp (—haka) [10) -
k

This leads us to define the modular position operator,
(=52%)
exp | ——
p 7 k )

where again L = ait. We can see how this operator acts on the initial state by expanding the
latter, this time in the position basis,

X M) = [ BN gy ()] a)da
R

= [ bolp) e B )
R
Thus the modular position acts on the position wave function as
exp (—iLyX/h) : o(x) — ho(p) e Lxe/M,

By applying the reverse Fourier transform we can see how it acts on the position wave function:

— 1 —iLpx/h _—ipx/h
W) = [ vola) e e~ /hgp
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ix(p-‘rLk)/ﬁdp

1
= o7 Ju o) e
= vo(p + Li).

Overall, we have that our evolution results in the state transformation
~ it
U0 = Y culk)a @ exp (= FanX ) o).
k
=S alkae [ b+ ta)pdp
k

How do we know which interaction Hamiltonian to choose — the one that couples to mo-
mentum (and shifts position) or the one that couples to position (and shifts momentum)? This
depends on the experimental setup, how we are planning to observe our pointer system, and
also what physics is available for us to implement one or the other. In the following section we
will see an example through the Stern-Gerlach experiment. There we will end up choosing to
couple the internal spin of a particle to its position, leading to a selective shift in momentum.
This is because we can then let this particle evolve under a free Hamiltonian, so that a small
kick in momentum can result in a large difference in position after some time.

8.4 The Stern-Gerlach experiment: part 2

Here we present a more concrete example, which was first introduced in Section 3.4. An electron
moving on a plane has one internal degree of freedom (its spin), which can be modeled as qubit:

Hs = span{[0), |1)}
and two orbital degrees of freedom, i.e. its position in the plane:
H. = span{|z),z € R}, H, =span{|y),y € R}
The total state space of the electron can thus be modeled as
H=Hs@H, @H,

We already saw what the Stern-Gerlach experiment is about: measuring the spin of the electron
indirectly by looking at its position. We identify three regions in the z-y plane as depicted in
Figure 8.4. In particular, red shaded areas provide some intuition about the uncertainty in the
position of the particle with respect to the z axis, whereas arrows indicate how the momentum
changes in the different regions of space:

e A region A, where the electron starts in a state |p) with a two-dimensional Gaussian wave
such that the expected momentum (P) points towards the positive y-axis;

e A region B of depth ¢ influenced by a magnetic field;

e A region C with a screen where the electron will land, which is used for measurement.

In order to analyze the motion of the particle we decompose the Hamiltonian into a free
particle component H? and an interaction Hamiltonian H™, which should take into account
the force due to the magnetic field in region B.

H = HO +Hlnt
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Figure 8.4: A scheme for the Stern-Gerlach experiment, which allows to indirectly determine
the spin of an electron by looking at its position.

HPO has no secrets for us:

P2 1
0 __ o 2 2
H =90 "o (15®Px®1y+ﬂs®ﬂz®Py)

The form of the interaction Hamiltonian is a bit more interesting:
int int B int b
= e = 13 e ([ )l

This way of expressing a tensor product of an observable and a projection operator (which we
have already seen in Section 3.2, when we discussed the CNOT gate), is powerful but straight-
forward: the interaction Hamiltonian is nonzero only when we are in region B and, in fact
Hf ly) = 0 for every (z,y) ¢ B. The definition of H" is something we will derive when we
discuss the motion in region B.

The initial state. Let us discuss the form of |[¢)y): we consider a particle with spin and
position unentangled:

[$0) = |¢) ® |o)
where |¢) is a qubit of the form:
|#) = [0) + B]1)

while the position of the particle in the plane is expressed as a two-dimensional Gaussian wave
packet:

i 1 )T (e
|q/}0>://R2eky. 27702'6 3 (r=p) = =) ) g2y

You can check that the square of the absolute value of the wave function is exactly the probability
density function of a gaussian distribution with mean p = (xo,%0)” and covariance matrix 3.
Note also that the term of the form e’** is missing, and this is because we said that the expected
momentum points towards the positive y-axis (in particular, (P) = (0, hk)T).
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Figure 8.5: Gaussian waves in position (left) and momentum (right) basis of the initial state
represented from above.

For simplicity we also assume here that ¥ = 021, so that « and y are unentangled and with
the same initial variance:

h2

(8x2), = (87%), = (a72) = (AR) = 12

We can imagine to look at these Gaussian waves from above, representing higher measurement
probabilities with a darker color shade as in Figure 8.5. The computation for a general initial
> requires minor changes, which are not relevant here.

Motion in region A. Since spin and positions are unentangled here, we know that the evo-
lution operator here can be written as tensor product:

1t it
U(t) = 1s ® exp <—%Hx> ® exp <—Zth)

Thus the qubit remains unchanged:

(Zs)t = (Zs)o = |of* - |8

Ehrenfest’s theorems give us the expression for the expectations of position and momentum:

{<X>t—<X>0—$o /\{<Pm>t—<Pz>0—0
(V) = (Y)o + hkt = yo + hkt (Py)e = (Py)o = hk

And we also computed the variances for Gaussian wave packets in Section 7.5:

L2 2
(AX?), = phzt’ + 0% =of (AP?), = (AP?), = 4%2
2
(AY?), = B2 12 4 o2 = o2 (APy?)t = (Apg)o -

t~ 4oZu?
As before, we give some intuituion for what the waves packets look like in Figure 8.6.

Motion in region B. Here we would like to have a precise effect: the magnetic field should
push the electron to the left or to the right according to its spin. According to the evolution we
had in region A, the electron must be entering region B with a state of the form:

WNJO> = (O“0>S + 5‘1>S) ® W}O>:cy
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Figure 8.6: Gaussian waves in position and momentum basis for the state after the evolution
in region A.

where |t9)z, has a Gaussian wave with (P,) = hk and (P;) = 0. Ideally, the final state (i.e.
when the electron reaches the end of region B) should be of the form:

[9) = al0)s @ [")ay + Bl1)s @ [y

where the states [¢pF), [1)T) enclose Gaussian waves with (P,) = hk and (P,) respectively —ha
and +ha for some a > 0. We anticipate that we will take a sufficiently small § ~ 0 such that
the region B has negligible thickness, and we can immediately return to the assumption of free
motion. Thus, now we need to find a suitable choice of H"* which gives the desired result. We
will try the two coupling Hamiltonians from Section 8.3. First we try the one that couples the
observable to momentum:

H™ = Mg ® Py,

where M is the observable on the qubit we cannot directly measure. We let M = vZ: the v
factor will be useful to separate the waves in superposition and overcome the problem of weak
measurements discussed at the end of Section 8.3 more easily. Measuring with vZ instead of Z,
however, makes no difference to us. Another problem is that H* unlike in the discussion of
Section 8.3, is not the only Hamiltonian we have here, as we also have the free particle Hamilto-
nian H°. Sweeping this problem under the rug for now (think of an approximate Hamiltonian

here), we compute the evolution due to the interaction:

U)o} = exp (-3 HE') 40

—exp (=529 P i)
= al0) ® exp (—ZVPI) o) + B]1) ® exp (+Z'7P£> 0)
—alo} & ( [ ol — t)labdz) + 81y ( [ volo + tla)de)

We obtain the decomposition of the original wave function into two wave functions, where the
area under each curve is roughly |a|? for the left one and |3|? for the right (Figure 8.7).

But at the start we said we would shift the momentum, not the position, and this would also
avoid having to deal with the free particle Hamiltonian in region B (this, again, because § ~ 0);
finally this would create a sufficiently large gap in position with the free motion in region C. If
we want to implement this shift in momentum we can replace the momentum operator with the
position operator. We then obtain the modular position operator and with the exact same
computation we get:
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Figure 8.7: The wave function resulting from the evolution in region B.

—exp (=592 © X o)

= a|0) ® exp (—ZvX) |1o) + B|1) ® exp <+ZWX> %0)

= a|0) ® (/Rz/?o(ertv)lmdp) + Bl ® </Rz§o(p—t’y)\p>dp)

We presented the modular momentum first because a shift in position is more intuitive and
straightforward to visualize; it will also be useful later.

Motion in region C. Since we are back to the free particle assumption we have the same
evolution as in region A:

it P2 it P?
=1 I _Z"Y
U(t) s®exp< h2u)®exp( ﬁ2,u>

But this time, (P,) is £A~y (the sign depends on the component of the superposition), and the
particle will deviate either to the left or to the right.

State tomography. What if we wanted to estimate o and 57 Assuming we are able to prepare
several identical initial states, we can simply repeat the experiment and do an estimation of
|a|? by looking at the fraction of qubits that are measured as |0), (|3]* will follow by the
normalization constraint). We know, however, that a qubit has another degree of freedom, i.e.
its relative phase. We can find a second constraint, linearly independent from the first, by
doing the same estimation with respect to another basis: for example we replace the Z in the
interaction Hamiltonian for region B with the Pauli matrix X. This procedure however requires
us to have many copies of the same state 1)) we want to estimate (remember that we cannot
clone a qubit).
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Chapter 9
The Double Slit Experiment

9.1 Interference

Consider a continuous Hilbert space H = span{|z)},ecr (e.g. the position of a particle) and
consider a state of the form:

o) = alun) + 81v) = o ([ @ladds ) +5 ([ vaalo)do)

i.e. a superposition of two states |11) and [i2). We can use linearity of integrals:

0) = [ (ats(a) + Buale)) la)da

obtaining a new wave function we will call (for obvious reasons) ¢ (x). The probability that the
particle is measured in position x € [xg, zg + A] is:

zo+A zo+A
P te0-20-+80) = o1 ( [ etae) 10 = [ oo

0 0
We can have two cases here:

o |Y(x)| > [Y1(x)], [12(x)]|, i.e. although the two individual states have a low probability to
be in |x), the resulting superposition has a high probability there. This is what we call
constructive interference.

o [Y(x)] < |[¢1(x)|, |t2(z)|, i-e. the resulting superposition has a much smaller probability
than the single composing states, and here we talk about destructive interference.

This is somehow counter-intuitive: how can a state have a high probability of being at some
point, say z, when it consists of a superposition of two states where the probability of being at
x is low? This yields a fundamental difference between superpositions in quantum theory and
probabilistic mixtures (which is also what the experiment we are going to discuss here wants
to show). The mathematical reason is that, while probabilistic mixtures are expressed as real
terms, wave functions in quantum mechanics are complex in general. In fact, the absolute value
of the sum of two complex numbers strongly depends on the phases of the adding terms: if we
consider a complex number of the form

eiel + ei92

This number can have modulo as high as 2 (e.g. when 6; = 6) or even zero (e.g. when
01 = 02 + 7). This can also be seen graphically with sine waves: suppose that

R{tp1(2)} = sin(z), R{ya(z)} = sin(z + ¢)

where R denotes the real part of a complex number (we can also analyze the imaginary part & in
a similar way, then the complex number is simply a linear combination of R and &). Figure 9.1
shows a plot of the two sine waves (in blue and red respectively) and their sum (in black).

Moreover, as we already said, in the case where the sine waves have the same phase (¢ = 0),
the two sine waves always have the same sign, whereas the sum of two sines with relative phase
¢ = 7 would be identically zero, as the two waves are pointwise opposite.
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Figure 9.1: Summing sine waves.

Figure 9.2: The setup for the double slit experiment.

9.2 The double slit

Suppose to have a wall of negligible thickness with two slits of width § at distance L from each
other (x = 0 is exactly in the middle), and a particle moving towards the wall, as depicted in
Figure 9.2.

We already know that the particle propagates in the plane as a wave. If the particle hits
the wall, it stops, otherwise it may pass through one of the slits”. This is equivalent to a
measurement: with a certain probability the particle is in front of the slits at the moment of
impact with the wall, and this corresponds to the following projection operator:

L.,6

L, s
—3t3 s t3
Hslits:HL+HR:/L 5 ‘$><x‘d$+ﬁ s |l‘><ﬂ?|d$
372 272

Thus, the state of a particle passing through one of the slits corresponds to the post-measurement
state:

Hslits W))

Ty — _ osewsiE/
W] > <¢|Hslits|¢>

w\h
(S5
N[>

+ Ly
|z){zp)de + ————=

w’HSZzts’fl/} /g g w|HslztS‘w Q_g

£+
yd d
¢’H8llts’¢ /12‘ % ( |$ T+ ¢’H8llts’¢ é % ¢($)|$> i

Here we define two new states |¢1), |)r) with wave functions:

|z) (x|} da

w\&,

%w(x) me( éi%) () me(—i-%i%)
— J o/ (@lMaslv) ,wm
Yr () {0 xQ(—%i%)’ Yr(T) = {O ng(Jr%i%)

In order to get an idea of how the propagation of the wave will look like, you may want to take a look at this
link.
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where «, f € C are chosen in such a way that |¢1), |{)r) are valid states, i.e.

[ 1n@)Pde = [ [on(a)Pds =1
R R
Hence, we can rewrite the post-measurement state as:

") = alvr) + Blyr)

From now on we will assume that the wave is symmetric with respect to the hyperplane x = 0
implying |a|? = |3]? = % by symmetry. Hence the only degrees of freedom that remain are given

by the phases:
61’9

ifla b , i0p—i0,
0ty = Sl + o) = o LT R

V2 V2 V2

Thus, if we let 8 = 0, — 0, and remove the global phase, we obtain the equivalent state:
|,¢)+> _ W}L) + eieth)
’ V2

By the symmetry assumption, we also know that the two collapsed waves must be equal in
front of the two slits, i.e.

Yr(z+ L) = Ygr(x)

Moreover, the two waves do not overlap in any point: one of them is zero for any x and, in
particular we evince that

Yr(@)Yr(r) =0 Vo eR

Before starting with the evolution, we make another important observation. If ¢(z) was a wave
packet, then also ¥ (z) and ¥g(x) are wave packets:

Pr(z) = mw@” e (-5+3) _ m#@em ve(-L+1)
0 v# (—5x3) |0 v ¢ (5 +3)

(the same applies to ©¥r). Also the envelope function is the same (up to truncations and multi-
plicative constants), therefore if we assumed to have a Gaussian wave packet, then we will still
have a (truncated) Gaussian wave.

Now we are ready to let |1, ) evolve:

i () = UOI§) = = (VO + U0 6m)

which clearly shows that the relative phase 6 has an important influence on the interference.

9.3 Evolution beyond the slits: stationary wave approximation
Consider a generic wave packet ¢ (x,t) over time, where:
P(x,0) = ¢z — x9) - ePoz/h

such that ¢(z) has zero mean. We will compute the evolution of 9 in the momentum basis, as
anticipated in Section 5.7. By Theorem 7.3,

1;(}?, 0) = (E(p — pO) . e—ipxo/h
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— Evolve with U(t)

b (p,0) > (p,t)
Fourier Transform Inverse Fourier Transform
1/)(.17,0) 77777777777777 ’ ¢(1‘7t)

xT

Figure 9.4: The wave function of the state as t — oo

where ¢(p) is the Fourier transform of ¢(z). Beyond the slits, we have again a free particle

evolution, thus:
2

P iP?
H=—"—=U(t)= —
o (t) = exp ( ol )
Applying the definition of exponential, this gives us, at time t:

ip2 , _
D(p,t) = e %Y (p, 0)
which we will anti-transform:
1 _ .
x,t :7/ ,t - ePr/hg
Y(x,t) NorT R@b(p ) p

1 _ _ip2t
L [ 0p.0) . et eivalng
%héw@ ) D

i 2
= \/;T—h/Rw(p,O)-eXp (h (xp— g,f)) dp

Figure 9.3 summarizes with bold lines the steps we have performed above. Now we “only” need
to evaluate the integral.

Stationary wave approximation. In order to simplify our computation here, we will use
an approximation: ¢ — 0o, i.e. we wait for a sufficiently large amount of time and the particle
has moved far away (z = vt for some constant v). The evolution of the wave function in this
case is depicted in Figure 9.4.

Now we use this assumption to approximate the integral above, working with the term ip?
at the exponential. Take the Taylor expansion of the following expression:

2
Fp) = ap — Lt~ flg) + ) o — ) + 3 ) — o)?

2p
where pv = pz/t is a critical point of f (check it!). This is because, by the above assumption:

2
8<xp—pt>—t<l/—p>—>0 for t — oo
dp %
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Figure 9.5: Evolution of the wave function along the x axis immediately after the slits.

which means that p — pv: the wave tends to be stationary as time passes. Thus, the Taylor
expansion evaluates to:

fp) = fQuw) + f'(pv)(p — pv) + %f”(W)(p — w)?

1/2
=z — %H (x —vt) (p— ) + % (—t> (p — pv)?

2
Nz t
:7‘[:——
5 2M(p pv)?

On the other hand, since p — v, we approximate the rest of the integrand by replacing this
value in p.

Y(vt,t) \/7/ ¥(p,0) - exp (h (xp— g;t)) dp

F/wuvo exp<h<ﬂ2yt—2tﬂ(p u)))dp

_ 1 1;(/“/ 0) i/u/2t/2h/ —it(p—;uz)g/Quhdp

[2
— — ¢(MVO zuu2t/2h h:“’/ —p? dp

- @ﬁ (g, 0) -

where in the second-to-last step we did a substitution p < %“ (p + pv), and the remaining
Gaussian integral evaluates to /7. What we found is that the p081t10n wave function v will
tend to have the form of the momentum wave function in p = uv = px/t during the propagation
in space. From now on we will exclude the global phase v/—i.

Let us see now how we can apply this result to the double slit experiment: for simplicity we
will only look at the z-axis as in Figure 9.5 (the evolution also propagates along the y-axis, but
it is sufficient to analyze the interference immediately after the slits).

Assume to have the two wave packets on the z-axis, with zero expected momentum?:

Yr(z,0) = ¢ (x+ ];) , Yr(z,0)=¢ (fﬂ - §>

Moreover, we consider the two wave packets to be Gaussian. They are enough to fix the idea,
and at the same time we can use the neat properties we derived in Section 7.5:

~

1 _ (z—aq)?

1 - e 402
vV 2ro?

P(p,0) = d(p) - e P/ =

d(x —x0) =

2 2 2 '
4 2L . e_ Uhg . e_ZpIO/h

wh?
4This assumption on the expected momentum is not disturbing at all: in a symmetric double slit experiment

it is natural to think that the momentum along the z-axis is zero in expectation (recall that the particle’s initial
expected momentum along the z-axis was 0).
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The only thing that differs from the derivation of Section 7.5 is that here we directly transformed
¢(x — xp) and not ¢(x), i.e. the envelope is not zero-mean, and the Fourier transform yields an-
other factor e=#%0/" for the shift (which will contribute to the frequency of the momentum wave
packet, as we have already seen). Now we have everything we need to compute ¢y (x,t), Y r(x,t):

Y (vt t) ~ \/g (E(wj) . v L/2h exp <Z2Iu7;/ ‘ Vt)

— I . QE(MV) - exp <W . (I/t + L))
2h
VYRVt t) ~ \/ﬁ S(uv) - e~ L2 oxpy (zuv _ ut)
¢ 2h
- B o(pv) - exp (Zghy (vt — L))
And we can now see what happens to the wave function 1y (z,t) of the state |1 ):

(v, t) ~ \}5 (wL(Vt,t) + ewsz(Vt,t))

_ \}5 . ﬁ 3w (exp <Z2“7;/ (vt + L)) + et exp <Z2”7;/ (vt — L))>

Just to simplify the calculation, let B be everything out of the parentheses:

2h
_ Bt/ (=012 gy (V. ) i0/2 (W (it — ))
Be <e exp ( oF (vt+ L)) +e exp { (vt — L)

_ . if)2 it ( —i0/2 (WVL) i0/2 (_WVL>>
Be"/“exp ( 5% e exp 5% +e exp 5%

We again simplify and call D everything out of the parentheses:

Yo(vt,t) = D - <€_i9/2 exp (ug;fj + €92 . exp (— ZW/L))

D (e (i (55 -3)) vee (< (55 -3)))

vo(vt,t) ~ B - (exp <22M;: (vt + L)) + e . exp (W (vt — L)))

I
D
e

!

Let us analyze what we obtained, starting from the terms in 2D:

4] 802 \/ﬁ o’ utv? [0 V2t
2D = T ?~exp R ~exp | ¢ §+/Lﬁ

In order from left to right we have:

e A normalization term;
¢ A dampening term, which will become a factor £ in the probability distribution |po|?;

e A Gaussian term,;
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[ (x, 1)

‘ x

Figure 9.6: Plot of the squared modulus of the wave function approximation we computed (left)
and experimental results (right, source).

e A global phase;

Computing the squared modulo of this we obtain:

802 1 202 11212
2 __
[2D" = 7r3h?'t'eXp< —

Thus the total wave function becomes:

852 o 20211212 uvL 6
2~ == . B, Zr7 . 2 (2= 7
[(vt, t)|* ~ 372 exp ( 2 cos ( 5T 2)

802 2022 Lxr 6
o - exp (—MxQ . cos? (M — ) replacing back v + %

|

(2, t)]? ~

=

mh? h2¢2 2ht 2
In Figure 9.6 we can clearly see the effect of double slit: when the cosine is low (and this fact

heavily depends on 6, as one can see on the expression above), ¢r,%¥r add up with opposite
phases, and thus we obtain a destructive interference.

9.4 Observing the relative phase

In this section we look for an observable that we can use to conveniently measure the relative
phase 0 between the slits, which would allow us to describe what the interference fringes look
like. Let us see what happens with observables X™ and P™ for every n.

(X) = (g |X|¢9 )

< a:|dx> </Rx|x>(x]dﬂz) </R¢g($)|x>dx>
i

Yo(r) =

And we can replace it in the integral:

By definition of |1, ):
Y () + ePp(x)
V2

(X) :/x@/};(xwe(x)dﬂc
T2 / )+ e (e )) (1/11:(;16) + ewwR(x)) d
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= % /]R x (wZ(xwL(x) + Ph()r(r) + e O (x)Pr () +ei9¢;(x)¢R($)) d
=5 [ (el + Won()?) do

where the last step follows from the fact that ¢ ¢ r = Y39 = 0. We found that the position of a
particle passing through the slits does not depend on the relative phase 6 between |¢1.), [¥r), i.e.
no measurement of the position can distinguish different values of . This argument immediately
extends to X" as it only changes the label of the measurement.

Let us see if observing the momentum can help us: remembering the transformation of the
position wave function with P we derived in Section 5.2 we can write

(P) = (¢ |Ploy)

= ([ wsttalar) ([ —ingun(w)a)d)

= i [ 430 (@)
=5 [ (bie) + " ila)) 5 (vule) + () do
ih

== [ (4@ gbnte) + Vi) vt ) do

Notice that the other two terms that show up in the product on the last equality here vanish,
since:
0

Vi) # 0 = Yr(@) = 0= -vp(x) =0

i.e. Ypg(x) is constant in the region when () # 0 and vice versa.
The above integral can be rewritten as (check it!):

1 1
(P) = S (¥LlPlYL) + S(¥RIPIYR)
therefore, for the exact same reason as X, also P (and thus P" for every n) cannot distinguish
different values of 6.

Our next try involves the modular momentum operator. This seems to be a good idea,
since we know what this operator does to the wave function from Section 8.3:

eiLP/h W(z) = Y(z+ L)
Thus its expectation will be:
(LI — / b (2)e P M (1) dee
R
= [ @i+ Do
— ;/R(d%(x) + ey () (Wi + L) + eP4p(a + L))dz

Now, from the fact that ¢¥p(x + L) = 0 (there is nothing at the right of the right slit) and
Yr(x + L) = Yr(x) (by symmetry of the slits), we obtain:

(P = 2 [ W) + e YR Wele + L) + evn(e+ )da
R

66



kx —kax
ﬂb\& //«b\\
_ L
2

Figure 9.7: Two one-dimensional waves moving towards each other with the same momentum.

voft
o

_ ;/R(%(a:) + e Y (a))r(z)de

1

SR CRE

1 .
= ¢ 10

2

Actually, we will not use this observable directly, but the following will be more useful:

h 2

oL iPL/h 4 o=iPL/h
COS ( A ) =

and one can check that, by linearity of expectation we can still derive information about the
phase:

(cos (pL>> _ e+ e cos(f)

h 4 2

A more in-depth discussion of this method to analyse interference is given in Sandu Popescu’s
2019 lecture available on YouTube.

9.5 Evolution beyond the slits: constant variance approximation

We will now look at a one-dimensional approximation of the experiment, in which the wave
packets, instead of moving on the two-dimensional plane, only move towards each other.

Let us go back at the instant where the particle passes through the slits, and suppose to have
two wave packets centered on the two slits, moving towards the center with the same momentum,
as in Figure 9.7:

Yr(z,0) = ¢ (1; + §> gtk

L .
¢R($’ 0) — ¢) (x - > . e—ZkCC
The total state |1, ) has, as before, wave function:

o(e.t) = == (Vulant) + in(z.0)

Here, we will do another approximation: the idea is based on the fact that, assuming ¢ — 0 and
the mass u very large, we can approximate the variance of the position.

AP?
2\ _ 2 2\ 2
(ax?) = rai (ax?) =~ (ax?)
i.e. the variance of the position will not change much during the evolution around ¢ ~ 0.
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Our calculation begins with a simple but powerful trick on the Hamiltonian, where py = hk:

P2 (pol + P — poidentity)?

H = — =
20 2u
We call P’ = P — pgl. Let us plug this replacement in the Hamiltonian:
P2
H=—
24
(pol + P')?
= 2
_ ppl? N poP'1 N polP’ N (P')?
2u 20 2u 20
_pil | poP | (P)?
=——+—+——
24 7 21
Since t ~ 0, P is sharply concentrated around pg, thus P’ ~ 0, and we can neglect the last term.
2 /
1 P
2p %
_p3l L PP = pod)
21 7
_ P _pjl
p 21

We use vg = 2 to denote the group velocity (as introduced in Section 7.6). The second term,
on the other hand, is just a constant, and it can only contribute to the global phase since:

it po it pg
U(t) = ——. 2P —. 20
(t) exp< h ) exp(ﬁ o

it it pl
= exp (—Zh . TP) - exp <% . 5;1)

Notice that we could use eAtP = e“eP because 1 and P commute. Thus, this constant term is

irrelevant for our purposes, and we can work with the approximate Hamiltonian:
Hl = U()P

Something particularly convenient for us happens on the evolution of a wave function ¢ (x, t):

it
vl t) = exp (P ) - 0,0
i.e. we found a modular momentum operator in the evolution. This means that

P(x,t) = Y(z — vot, 0)

which is perfectly coherent with our approximation: we neglected the change in the variance
AX? over time, while the shift can also be seen as a direct consequence of Ehrenfest’s theorem
I, as the shift acts on the expectation. We apply this evolution to vp,1¥r now: recall that
L _ hk hk _

. R _
v L = Y0 and vy = o= o, hence

’l/)L(:L" t) = 1/}L(5(; — vot, 0) = ¢ <1; —tyg + 5) . eik(mfvot)
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Figure 9.8: Plot of the probability density function of the position of the particle when using
constant variance approximation.

L A
Yr(z,t) = Yr(z +vot,0) = ¢ (w + tug — 2) . g tk(@tvot)

Putting it all together in 1y (x,t) we obtain:
1

Q[)g(l‘,t) = 5

(Vi) + e Pvr(a,1))
L , L . .
<¢ <ZL‘ —tvg + 2) - gth@=vot) | ) <$ + tvg — 2> L e_Zk(x'H)Ot))

é’) . €i9/2 . e—ik(a&-‘rvot))

f
_
V2
= Leio/2 ((Z) (;1: — tvg + L) e 0/2 . gik(@muot) 4 g (x + tvg —

V2 2

Now we would like to take the instant ¢ where the two waves 11,1 r have the same expected
value, which means (since ¢(x — z) has expectation )
L

t L t +L<:,‘>t L<:>t
— — = —tw — = — = —
Ty 0"y =5y 200

By plugging this ¢ into g, the envelopes are equal and can be factored out of the superposition:

e <$7 250) _ \261'9/2¢($). (e—iO/Q L eka—5) 4 9/ e—ik(z+§)>

= 75" 0 - (e (< (ke =45 = 3) ) wew (i (ke =15 - 7))

=2 e"2¢(z) - cos <k:c - k% — g)

And the probability distribution at this point follows:

(")

Again, depending on the cosine we either have destructive or constructive interference, as we
observe in Figure 9.8. Observe that in this case we can also directly acquire information about
the phase 6 by looking at the distance between the y-axis and the first peak, which is % + é

2 L 0
— 2. 2 _ _Z
= 2|¢(x)|* - cos (k:x k:2 2>

9.6 Measuring the path of the particle

In Figure 9.9 we consider again the two slits and only dimension x: what if we wanted to know
which slit a particle passes through? An idea is to place a pointer particle near the right slit
that reacts in some way, e.g. a particle which gets deflected due to the electric field of a particle
passing through the right slit.
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In this section we will consider a toy example: this particle on the right slit can be represented
as a qubit. Thus, we have a product space:

and we consider the following model for interaction:

0
U=l ®1g+1lp® Xg = (/

—0o0

]a:)(x]dx) © 1 + (/0+°° |:c>(x]dm) © Xs

i.e. if the particle passes through the left slit, nothing happens to the qubit, while passing through
the right slit causes a flip of the qubit with the Pauli matrix X = |0)(1| 4 |1)(0|. Indeed, what
we created here is nothing more than a CNOT gate (which we have seen in Section 3.2), if you
think of the two slits as |0) and |1). We are implementing the trick of using projector operators
in the tensor product as “selectors” for the subspace on which we want to apply the operator on
the qubit:

Hrlyr) = |vr)
Hg[vr) = [YR)
Hp[¢r) = OrlYr) =0

Suppose our qubit starts in state |0)g, and our particle passes through the slits in the usual
superposition, yielding a total state:

) = 2 (12)e + €®ur)) ©10)s = ¢1§ (I92)al0)s + €“lwn)l0)s)
Then, applying U to this state we obtain:
[¥') = Uly)
= U~ (Wn):l0)s + ¢l 0)s)
= 5 (UWL)ul0)s + €Ulur).l0)s)
_ \2 (Ie)s ® (15]0)s) + € lom) ® (X5]0)s))
= 75 (2):10)s + e} 11)s)

Suppose now we measure the qubit with Z (i.e. with respect to the computational basis).
Looking at the induced probability space:

P (1) = (9| (1, & (1) )
= 2o e W LR (1) = 5

[ A RS ,

Figure 9.9: A pointer particle is placed on one of the two slits.
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LN TN,

Figure 9.10: The blue wave function is associated with the measurement of outcome |0) on the
qubit, whereas the red one corresponds to state |1) on the quibit.

and the post-measurement state is:

(g ® [1){A)Y)
VW (T ® [1)(1]) [&7)
from which we can remove the global phase. If we evolve it now, we will only see the right wave.

In general, upon measurement of the qubit we will only see the wave of one of the two slits.
This will thus also remove all the observed interference, as pointed out in Figure 9.10.

= e |YR). ® |1)g

9.7 Application of interference

We conclude this chapter by providing some pointers to interesting applications of what we have
discussed so far.
The fields of application of interference include:

e The construction of interferometers to detect gravitational waves. For example,
you can check out this Wikipedia page;

e Crystallography: when a crystal is exposed to a laser beam, the interference pattern is
analysed to find the molecule structure of said crystal (Wikipedia); There are groups at
ETH Zurich researching this matter.

e Analysis of the structure of uneven surfaces.

If you are interested in the topic, you can check also check out the Quantum Mechanics 2
course offered by the D-PHYS or the courses offered by the Crystallography Group of the D-
MATL
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Chapter 10
Stationary States in Potential

These lectures, in particular starting from Section 10.3, closely follow Chapter 15 (Stationary
states in 1-D) of Schumacher and Westmoreland [1]. For the Particle in a box setting (Sec-
tion 10.2) we refer you to Chapter 11, Section 5, of the same book.

10.1 Particle in a potential
Recall from Section 5.5 the definition of general Hamiltonian:

2
H= L +V(X)
20
Up to now, we always considered a free particle, i.e. V(x) = 0. In this chapter we will see how
this term can influence the wave function of the state of a particle. We will again reduce to the
one-dimensional case for simplicity, but the extension to multi-dimensional cases are immediate.
The first example of non-zero potential we want to explore are potential wells:

V(x):{o 0<z<L

V'  otherwise

We could also have multiple wells next to each other, and various configurations of wave functions
for the particle inside and outside the well, as depicted in Figure 10.1.

Quantum engineering can actually build these types of wells, using quantum dots or cavi-
ties. Double wells in particular can be useful in quantum memory implementations (i.e. storing
a qubit), where we can see the two wells as states |0) and |1), according to the position of the
particle in one of the two wells.

You may recall from classical physics and/or calculus classes, that the potential of a conser-
vative field is not unique. If U(r) is a potential for a vector field F(r), then also U + C' is a valid
potential, for any constant C'. However, the choice of the constant in the potential causes an
additive constant factor in the Hamiltonian, which in turn only adds an irrelevant global phase

term €"“C/" on the evolution operator.

Vi(x) V(x)

v

AN

\ /

/ N N\

- x x

0 L

Figure 10.1: Two possible configurations for potential wells (single and double).
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10.2  Warm up: particle in a box

Consider a well of the form:

V(z) =

oo otherwise

{0 0<z<L

i.e. going from [0, L] to outside the “box” requires infinite energy. Another way of saying this,
used also in classical physics, is that there are two potential barriers located at = 0, L for
particles within these two points, because the energy of the particle is not enough to pass those
points. This concept can be extended to the case in which the potential outside of the box is
finite, but in this case the box endpoints are not potential barriers for a particle with sufficiently
high energy. For this reason it is convenient to use the infinite case as a warm up. Keep in
mind, however, that an infinite potential is un-physical, and the setting we are considering is
only ideal.
With this in mind, we can do the following observation for the state |¢) of a particle:

V(z) = 0o = 9¢(x) = 0

as the particle needs a high amount of energy in order to stay in zones with higher potential
(remember that force fields always tend to push from high to low potential). In particular,
¥(0) =¥ (L) = 0 by boundary conditions (wave functions must be continuous). How do we
compute the wave function within the box?

Looking for stationary states. Recall that stationary states are eigenstates of the Hamil-
tonian:

HYg) = ElYE)

where E = hwg is the energy eigenvalue of |¢)g). Moreover, the evolution of an eigenstate is as
follows:

[Wp(t) = e M yg) = e “rl|yg)
We go ahead with the following educated guess for the form of an eigenstate |):
Y(x) = Asin(kz)

Indeed, the Schrédinger equation will give a second order differential equation with solutions
that are either real or complex exponentials (we will see this in detail later), and the only
solutions that can have 1(0) = ¢(L) = 0 are of this form. Given our guess, 1(0) = 0 holds “for
free”. Applying the second boundary condition we obtain:

G(L)=0 = Asin(kl)=0 = kn:%, neN
Hence, we can define 1, as the wave with n peaks:
p(x) = Asin(k,x)

On the other hand, since the potential is 0 within the box, we can use the free particle
Hamiltonian:

P2 —h2 82
(x 5]1@ = ﬂ@wn(ﬂ:) Recall from Section 5.7
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Figure 10.2: Wave functions of stationary states of a particle in a box for the first three energy
levels. Observe how the value of the n-th energy level grows quadratically in n.

—h? 92 .
= ﬂ @ (A Sln(k’nx))

h2k2
= —" Asin(k,x)

E, =

2  2uL?

If we evolve the stationary states over time (as we have first seen in Section 4.2):
[n(8) = e M) = €7 )

and we obtain w, = win? = %nQ. This gives us the energy level of every stationary state. It
follows that the wave functions of the stationary states have the shape depicted in Figure 10.2.
The only degree of freedom we are left with is A, and one can imagine that this is constrained

by normalization:

1= [ () Pds
R
L
= |A[2/ sin? (kyx)dz
0
Lr1— 2k,
= |A]? / (coz(x)) dz by prosthaphaeresis
0
A2 [ B sin(anac)}L
~ o | %n o
_|APL
2

Implying A = \/% (any phase would be global, so let us assume it to be real). Putting all
together we have that the stationary states of the Hamiltonian in the box are:

Up(x) = \/?sin (T)
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The energy levels of the stationary states in the well are not continuous but discrete, i.e. divided
into quanta, and so is their emission spectrum.

Time evolution of non-stationary states. Recall that, since the Hamiltonian operator
is Hermitian, the stationary states form an orthonormal basis of the state space, i.e. any
state can be represented as linear combination of stationary states. For example, if we have
[1¥(0)) = ale) + Blm), where |1,), [1)¢) are stationary states, an evolution over time yields:

—iwy tl? —iwitm?
() = ae™ 1 hg) + Be™ 1 [y,
In the special case a = 3 = %, and assuming m? — 2 = A > 0, we obtain
1 o —iw1 A
9(0) = 5 ([wa) + e 4 o)

We can plug in the wave function of the stationary states to derive the wave function of | (t)):

1 B iz . Tm
P(x,t) = ——e il (gin [ 2 ) + e A gin [ ——
VL L L
1 mhx TMmIT - - TmIT mlx
2 22 s 2 — w1 At iw1 At . e
[(x, )] = T (sm (L ) + sin (L ) + (e +e )sm (L ) sin (L ))

I A Tl . o [(Tmx . [Tmx . (Tlx
=7 (sm (L) + sin (L) + 2 cos (w1 At) - sin (L) - sin (L))

One can notice that this state is a sort of mean between |tpy(x)|? and |1,,(z)]?, and the cosine
(which is the only part dependent on time) makes the values oscillate between these two peaks.
This resembles the behaviour in classical physics: imagine a ball moving without friction and
bouncing with elastic collision on the walls of the box. Figure 10.3 shows how the wave function

evolves in the case of [ =1 and m = 1.

10.3 Interaction zone and boundary conditions

Let us now move to a slightly more general case. We take the general Hamiltonian:

Again, we want to find the stationary states, since we know we will always be able to reconstruct
the evolution of an arbitrary state as a superposition of stationary states. Therefore, let us write
down the time-independent Schrodinger equation, where E' is the energy eigenvalue of |¢g):

P2
<2M + V(X)> [VE) = ElYE)

[ ()] ()] v () |?

Figure 10.3: Evolution of a non-stationary wave with [ =m = 1.
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5 1YE) = (E1-V(X))[¢r)

2p
2
<w\;w}s> — (|(E1 - V(X))|¥p)
52 82
5 5oz (o) = (B = V(@) (a)
0? 24

52ve@) = 75 (V(2) - E)¢p(2)

In order to continue the analysis (i.e. solve the differential equation above) we will divide the
r-axis into “easy” zomnes: two tail zones, where we will assume the potential to be constant
(there is no force after a certain point), and a middle interval called interaction zone, where
the potential may behave in an arbitrary way. The idea is visualized in Figure 10.4.

We will solve the Schrodinger equation separately for each zone and then impose continuity
conditions:

e Yp(x) must be continuous: this is important because the induced probability space de-
notes an absolutely continuous probability distribution. If |1z (x)|?
the distribution is ill-formed.

has discontinuities,

o Y(z) = (%wE(x) is continuous when V(x) is finite. By integrating the Schrodinger
equation once we see that the first derivative is:

Ui(e) = Uip(oo) + 3 | (V(@) = EYos(@)de

which is continuous by construction. We already saw that this condition may fail in the
case of the particle in a box.

e () is continuous when V () is continuous; this can be seen directly from the Schrodinger
equation.

Other conditions imposed by physics are:
e Y p(z) must be normalized. In particular, this rules out divergent solutions.
o (H) > Vi = ming V(z), where (H) is the expected total energy. This because

1
—(P%) + (V(X)) by linearity of expectation

<H>:2u
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> (V(X)) since P? always yields a non-negative value

> min V(z) since expectation > minimum
x
Solving the equation in zones of constant potential. Consider a zone with constant
potential V3. We can have two cases: either £ > Vj or E < Vj.
o If £ > Vjp, then the Schrédinger equation becomes, for d = E — Vj > 0,

02 2
55ve(@) = ~15d - ve(@)

which induces a complex exponential on the wave function:

¢E($) — Ae—ikx _|_Beik$

for constants A, B and k = %‘;(E —W).

o If ¥ < V), then the energy eigenvalue of the state is not enough for the potential, and this
results in a potential barrier, as we have already seen. In fact, we have, ford =V —F >0

9? 2
ooz VE@) = S5d-ve(@)

whose solution is a real exponential:

Yp(z) = Ce b + Deb®

again, for constants C,D and b = %(Vg — E). Indeed, we will see in a bit that only
negative exponentials (i.e. rapidly dropping to zero) can actually satisfy the normalization
constraint.

10.4 Reflecting, scattering and bound states

We now move on to a more concrete example. Suppose to have a bounded interaction zone:

VL r < xr
V(z) =Sv(z) zp <z<zxp
Vi T > TR

We consider a stationary state |¢g) with energy eigenvalue E in the following cases. First of
all, notice that E is exactly the expected total energy of |g):

(H) = (Yp|H|Yp) = E(Yplvr) = E

In Figure 10.5 we expand the diagram introduced in Figure 10.4 with what we know about
the shapes of the wave function in the constant potential zones.

Observe now that we can have various combinations for the values of V7, and Vi with respect
to the energy level of the stationary state E:
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X

Figure 10.5: We divide the z-axis int zones with different wave function shapes according to
the energy value of the state.

e Suppose Vi, < E but Vi > E:

By what we have seen in the previous section, we will have two complex exponential terms
on the left tail, and two real exponentials on the right tail:
Ae~ kT - Betkr g < g1
QJ)E(:U) - —bx bx
Ce ™™ + De T > TR
If D # 0, then the positive exponential will continue to grow all the way to infinity, and
the integral

+oo
| st P

diverges. This case will surely not satisfy the normalization constraint. So we deduce
D =0:

Ae~ kT 1 Betkr g < g1
Ce b= T > TR

Yp(z) = {

What happens in the interaction zone depends on the behaviour of the potential and is
not of our interest here. However, once we compute the wave function in this interval, we
can “glue” the three parts together using boundary conditions. A state with Vp < £ < Vg
(or the other way around, for which the analysis is analogous) is called reflecting state.
This name comes from the fact that, in e** e~ +Ak is the expected momentum of the
particle (recall what we saw for wave packets in Chapter 7.4), and in this case any wave
going to the right gets killed by a real negative exponential, thus e~
reflected wave propagating towards —oo.

can be seen as the

One could argue that also complex exponentials propagating to infinity may give problems
with the normalization constraint. However, these terms represent plane waves and,
as we saw in Section 7.6, these simply represent propagation of possible wave packets
(imagine a wave packet ¢(z)e’*® with a very wide envelope function). In general, when we
have functions with these types of plane waves, we cannot (and will not) normalize them.
Instead, we will just look at the relationships between the constants (in this case A, B, C)
to analyze “how much” of a wave is reflected or transmitted.

e Now consider a state with high energy, i.e. E > V,Vgk. In this case we have complex
exponential on both tails:

Ae~thLr 4 Betkrr g gp
Ce "frRT 4 Detkr® 3> 2p

Yp(r) = {
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Figure 10.6: Diagram of a potential step.

For this case, it is convenient for us to see it as a superposition of two different wave
functions ¢ (z), Y5 (z)

Ae~ kL T < xf
Ce krr 4 Detkre > gp

Ae~hL® 4 Beikrr 4 < g
Detkr® T >xR

Vp(x) = { Pp(x) = {

In particular, wg(w) presents a case where, given a particle coming from —oo, part of it
will be transmitted, and the rest will be reflected. Also ¥z (x) can be seen analogously, for
a particle coming from +o00. These wave functions represent states we call scattering.

e The last case is when the energy of the state is low, i.e. E < Vi, Vgr. By now one can
imagine what will happen: on both tails we will have real exponentials, and they need to
converge to 0 at oo, i.e.

Bebre T < Ty
Ce PrT > TR

VYE(T) = {

An important observation to do here is that, although tails are at a higher energy level
than the eigenvalue of |¢g), the potential must drop below E somewhere within the inter-
action zone, otherwise we would violate the constraint (H) > V,,,;,. These wave functions
represent states we call bound.

10.5 State of a particle with a potential step

Here we derive a full wave function for a first, very simply case of interaction zone: a potential
step (Figure 10.6):

0 x<0

V(x):{vo x>0

Reflecting states Consider a particle in stationary state |¢g) with energy eigenvalue 0 <
E < Vy. We already know |¢g) will be a reflecting state:

Aetkr 4 Be—tkr 4
Ce bz x>0

Ye(T) = {
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with k = \/%‘Q‘E and b = %—‘;(Vo — FE). As anticipated, in a case like this we are interested in

2 2
transmission and reflection, namely % and %, thus for simplicity we set A = 1. All we are

left to do is to constrain B, C' using continuity conditions on z = 0:
e 4 Bem0 — e =14+ B=C
Also the first derivative must be continuous, i.e.
ike™ — iBke "0 = pCe " «— ik(1 — B) = bC
Solving this system of linear equations we get the values for B, C:
p_tktb WE+VH-F
ik—b WE-\V,—E
oo 2k _ 2iVE
ik—b WE—-\/Vo—FE

This result shows how the relationship between V and E influences transmission and reflection:
if Vo > F then the energy of the state is too low and « = 0 is a potential barrier. This yields a
very low transmission, and in fact we would have |C|? < 1. In any case, the induced probability
of finding the particle in a position xr far beyond the barrier is:

P (xR, +00)) :/

TR

400 too ’C|2 3 +oo |C‘2 3
2 _ 2 2bx _ 2 _ 2bxp
| (z)|*dx = |C] /zR e dx 5% { e LR T

which decays exponentially in g for zp > 0.

Scattering states Now we assume that £ > V4. This means that we have a scattering state
with a wave function of the form:

Ae~hLr 4 Beikrr 4 ()
Ye(r) = {

Cetkrz x>0’

with kp, = \/%—’;E, kr = \/%—’Q‘(E — Vo). Analogously to the case of reflecting state, we set A =1,

and continuity conditions give:

_ kp—kr _ VE—VE=V
{1+B:C B =%k = VErvET

10.6 Quantum tunneling and resonant scattering

Consider again a state |¢g) of a particle with energy eigenvalue E, this time along the z-axis
with a potential function of the form:

0 z<0
V)=¢Vo 0<z<L
0 xz>1L

i.e. we have a barrier in the middle, as in Figure 10.7.
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Quantum tunneling. If Vj > E, by what we saw we should obtain a wave function of the
form:
Ae*® 4 Be~kr g <0
Yp(z) = Ce + De™  0<az<L
Fetke x> L

2 2
with k = 1/%’;E, b= %‘;(VO — F) as usual. Again, we just want to find out % and % SO we
set A=1.
This time we will have to impose continuity conditions on two points:

o r=20:

"0 4 Bem#0 — 0 4 De™ =14+ B=C+D
ike™ — ikBe "0 = pCe?® — pDe " <= ik(1 — B) = b(C — D)

CebL + De L = petkl
bCebl — bDe Pl = ik Fetkl

These give a system of 4 linearly independent equations, and we can easily solve it. We will get
B,C, D, F as functions of L, Vj, E, and u. For example, F' will be:

4ikbe kL

F=
(b+ ik)2e=bL — (b — k)2ebL

Once again, we are interested to know “how much” of the mass of the probability distribution is
transmitted, i.e. will go towards 4+o0c. This can be quantified by the transmission rate:

_|FP

T=1ae

where A is the coefficient in front of €?** in the left tail, while F is its counterpart on the right
tail. In the case of the square barrier, we computed F', and set A = 1. After some computation
we obtain:

1 1 %

0 inh?(bL
T~ |FP 1BV, = B) S 0h)

Let us analyze some cases here:

V(x) Vo
E ,,,,,,,,,,,,,,,,,,,,,,,,,,
Y e Y
0 L T

Figure 10.7: Diagram of a potential barrier.
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o If b <« 1, we have a narrow barrier: the sine will tend to zero an thus % will tend to 1
(along with T'), having (nearly) full transmission;

e If bL > 1, the barrier to pass is wide. In this case the sine will tend to infinity and, in
particular, the additive 1 above is negligible:

_AE(Vo - E)
"~ Vi sinh?(bL)
_AB(Vo - E) 4
B V02 (ebL — e—bL)2
AE(Vy— E) 4
= V2 o2bL
_16E(Vo — E) oy
%2

which decreases exponentially fast with the thickness L of the barrier. This phenomenon,
called quantum tunneling, is somehow counter-intuitive: we never saw a ball passing
through a wall®. Let us analyze the exponential term we obtained:

2
b = \h[L\/ﬁ\/VO )

Since i ~ 10734, the first term alone is telling us that this phenomenon is highly unlikely
(since % on an exponential decreases quite fast). The term ,/z tells us that the mass of the
particle should be low enough for the quantum tunneling to happen. This is why we never
encounter this phenomenon in classical physics, where we work with bodies with such a
high mass that T" becomes completely negligible. Also the difference Vy — F is important

(as we might have expected).

In a typical example with an electron, u ~ 1073%, V5 — E ~ 107!, thus the exponential
(although still decreasing) does not make 7" negligible so easily.

Resonant scattering. Consider now a particle with state 1)) which, this time, has an energy
eigenvalue F£ > V{y. The picture remains essentially the same as in the previous paragraph, except
we need to change the form of the wave function inside the potential barrier. In fact, this gives
us a scattering state. Thus, let us consider only one of the elements of the superposition we
discussed in Section 10.4 (the argument for the other wave is symmetric):

etkr 4 Be—ikz r <0
Y(x) = Ce™* 4 De s <z < L
Fetkr x> L

with k = \/%@7E K = %(E — Vo). We apply the continuity conditions once again:
o x=0:
eikO + Be—ikO — Ceik'O + De—ik'O
ike™ — ikBe ™0 = iK' Ce™0 — ik’ De= k0
SThis example is not out of the blue: in classical physics, a tall wall requires a ball to be high enough from

the ground to pass it, which means having a high gravitational potential energy. This means that the shape of
the wall in this case is actually the profile of what we called V (z).
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Tunneling | Scattering Tunneling | Scattering

Vo E Vo E

Large L = tunneling rare, scattering evident Small L = tunneling more frequent, scattering barely visible

Figure 10.8: Transmission rate as a function of the energy of the state for two different barrier
widths.

o r=1L:

.y Y .
CBZICL-i-De sz:Fesz

. = . —q / . y
ik'Ce™ L — ik De L = jkFeitl

After solving the linear system, the transmission rate becomes:

1 1 V2

— = =1 0 in?(k'L
T e N aEm vy D

Let us analyze the cases as we did in the previous paragraph:
e If ¥L < 1 (i.e. narrow barrier), then the sine becomes negligible and we obtain T = 1;

e The case of wide barrier becomes quite interesting: remember that hk’ is the expected
momentum of a particle inside the barrier.

If we get k'L = nm for some integer n, the sine above becomes 0, and we get full transmis-
sion again. Moreover, we obtain stationary waves similar to the ones we found in Section
10.2 for the particle in the box:

5
nm = \h[L\/ﬁ\/E T

2.2
E%z(hﬂ- >n2::E1n2

2uL?

We can now put the two cases together (tunnelling and scattering) and look at what the
transmission rate looks like as a function of the energy of the system. We observe in Figure 10.8
how there is a trade-off between the tunneling and scattering effects based on the thickness of
the potential wall L.

Some applications of this analysis are used in metrology, where we would like to measure
L (which is, say, the thickness of some material) by shooting some electrons at various energy
levels (assuming we can control the energy eigenvalue E) and looking at how many of them get
transmitted to the other side, estimating T'. From this we can revert the equations above to find
L. Conversely, if we know the mass p but not the energy E, we can control L or Vj to measure
it in a analogous way.
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Figure 10.9: Diagram of a finite well.

10.7 Particle in a finite well

We conclude this chapter by looking at the finite counterpart of the particle in a box. In
Figure 10.9, we consider a particle with stationary state |¢)g) in a potential of the form:

Vi) = {Vg lz| > a

0 J|z|<a

Of course we could choose any point for the center of the well, but choosing the origin makes
the computations we are going to carry out more straightforward.

Bound state. If E < Vj, then we have a bound state:

Aebr T < —a
Y(z) =S Bet*® 4 Ce |2 < a
De b T >a

and, with no surprise, k = \/%—’;E, b=/ W. Here comes the trick: the Hamiltonian now

is symmetric with respect to x = 0. This gives us something useful that will restrict our solution
space significantly.

Theorem 10.1. If V(x) is even, then the eigenstates of the Hamiltonian must have even or
odd wave functions.

Proof. We are going to use something called the parity operator:

r= [ |a)elds, Tle) = -2)

Notice that T" is Hermitian and unitary as:

Thus the only possible eigenvalues are +1. For a generic state |1)) with wave function ¢ (x), the
parity operator does the following transformation:

D) =T [ w@l)de = [ w@llayde = [ v(@)|-o)de = [ é(-a)le)de
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i.e. the parity operator flips the sign of the argument in the wave function. Thus, if |¢) is an
eigenstate of I':

[[y) = [¢) <= ¢(—z) = ¢(2)
[ly) = =) <= ¢(—x) = —¢(x)

This means that the eigenstates associated with +1 and —1 have, respectively, even and odd
wave functions. Now it is sufficient to prove that [H,I'] = 0: at this point Theorem 4.2 would
tell us that I' and H have the same set of eigenstates, which means that any stationary state
has either an even or an odd solution.

We start with [[', P?]. For an arbitrary state |¢)) we have:

(@ITPY) = GoIT / (ingev(@)) 12)da
:—ih%W—l’)

(@l PL 1) = (ol P / e
= —ih%w(—x)

i.e. both I'P and PT act in the same way on an arbitrary wave function, implying [I", P] = 0,
and thus also [T, P?] = 0. On the other hand:

X)F:/RV(:U)|x><x|dm/R|x><—x|daz
=/V(x)|x><f:r|dx
/V (x|dx

= / V(z)|-x)(z|dz since V' (z) is even

I'V(X)=TTV(X) since I' is Hermitian

so also [I', V(X)] = 0. Putting it all together:
1
7
as desired. O

From this reasoning, we can split into two cases for the wave function ¢ (x):

e t(x) is even: we must have B = C, and A= D

Aeb® r<a
Y(z) = { Beos(kx) |z| <a
Ae~ b= T >a
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v B Vo E

Figure 10.10: Solutions to the systems of equations for even (left) and odd (right) wave functions.

Symmetry is also nice because we will only need to apply continuity conditions at x = a,
and the will get the other case for free.

Ae™" = Bcos(ka)
—bAe b = —kBsin(ka)

If we divide the second equation by the first we obtain:

% = tan(ka)

The choices of k and b for which this equation holds yield a stationary state. In order to
get a flavour of what these solutions look like, we plot the two functions in Figure 10.10.

(x) is odd: then B=—C and A = —-D

— Aeb= r < —a
Y(z) = ¢ Bsin(kz) |z| <a
Ae bz T>a

Here continuity conditions at x = a give us

Ae b = Bsin(ka)
—bAe b = kB cos(ka)

implying that choices of b, k for stationary states this time must satisfy:

% = —cot(ka)

To sum up, the allowed values for the energy eigenvalue E must satisfy one of the two equations
we derived: the ratio b/k must be either tan(ka) (obtaining an even wave function) or cot(ka)
(obtaining an odd wave function).
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Chapter 11
Modeling Uncertainty

11.1 Information in quantum mechanics

Suppose that, for some reason, we do not know exactly which quantum state we have (in a
closed box, say), but we nonetheless want to have a mathematical object that helps us describe
the (partial) information we have about this state.

For this purpose, we model this uncertainty with a black box B, which gives us some state
|1;) with probability p;. If (2, F,Py,) is the probability space induced by [¢;), we would like to
have a probability space for B in such a way that:

e this representation gives us the true distribution of an outcome x which is, by the law of
total probability:

P (z)g = ZPz‘P (z);

e after a unitary evolution U, this distribution remains consistent with what happened:
P (z)y ) = > _»iP (@)ur(yy)
i

where (€2, F, Prr(y,)) is the probability space induced by U|v;).

Let us also talk about measurements: if we have an observable O of the form
0 => NIl
T
then the probability of measuring x is:

P (z), = (Y[l[¥)

as we already know.
Let us now introduce an operator we know from linear algebra: the trace. The trace of a
matrix A can be simply seen as the sum of the elements in the diagonal of A. Another way to

define it is:

Tr(A) = Z<k|A|k>

k

where {|k) }x is an orthonormal basis of the Hilbert space in which A is an endomorphism. The
trace operator can also be extended to continuous operators:

Te(A) = / (2| A|z)de
R
Now we can rewrite the outcome probability in an interesting way:

P (), = (¢[I[¢)
= Tr (( |11z |)) every scalar is the trace of itself
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= Tr (I1;|¢) (¥]) by cyclic property (Theorem B.2)

Another way to prove that the probability of an outcome is given by the above trace is the
following: let us choose an orthonormal basis {[1;)}; to express the operator A (and its trace),
where [11) = |¢) is our state.

T (T ) (1) = S (sl ) (1)
— ([IL]) = P (),

Other useful properties of the trace can be found in Section B.1.

11.2 The density matrix

We introduced a fancy use of the trace operator, but we did not solve our problem yet: how can
we conveniently describe B? Let us look at the total probability again now:

T)g = ZPz’P x
- Zpi Tr (I |4i) (i)

=Tr (Z PiHa:’T/Ji><T/Ji|> linearity of trace

=Tr <Haz ZI%WQ(M!)
=: Tr (Il;p)

We found that the total probability can be written as the trace of a product between two matrices:
the projector operator relative to the outcome of the measurement II,., and a new matrix p, which
we call the density matrix’. Notice that by “density” here we mean probability density. Also
keep in mind that we tacitly assumed that the probability distribution of the states returned by
the black box B is discrete, but nothing prevents us to define the same black box for continuous
distributions, in which the density matrix will be defined with an integral sum. Moreover, this
matrix does not necessarily have to be unitary (it does not even have to be invertible), since the
possible states |1);) are not orthonormal in general.

Evolving a distribution. Suppose we apply a unitary evolution U to whichever state B will

give us. At the end we will have a set of states {|¢})};, where [¢)]) = U|1;). The total probability
will become:

sz v
= sz TI‘ Wz <wz’>
= Zpi Tr (LU ) (0|

SThis is also called density operator, this again depends on the system we model. Since in this chapter we
will mainly talk about qubits, we will use the term matrix.
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=Tr (Z piHIU|¢i)(wi|UT> linearity of trace

=Tr (H:cU (ZPH%M%’) UT)
= Tr (T,UpU")

We found that a mixture of states with density matrix p, after a unitary evolution U, becomes
a mixture of states with density matrix UpUT.

Post-measurement states. The argument for the measurements does not work only with
unitary operators, but with Hermitian operators in general: this gives us an expression for the
post-measurement state for free. If we observe the subspace of a projector Il upon measurement,
the projector will transform p +— Iy, pH}rc and then, analogously to what we do with normal states,
we will need to normalize (Tr p’ = 1, see next section):

1. pIT

}_> [ . —

P Tr(Tgplly)
_ Hgplly

[T pII
_ kP ok cyclic property of trace

projector is Hermitian

projector is idempotent

Expectation. Given an observable A = Y, ax|k)(k|, with {|k)}, orthonormal basis, we can
also find a neat expression for the expectation of an observable A under a given state p:

(4) = Y aiP (k),
k
= > an Tr (k) (ko)
k

=Tr (Z ak]k:><l<:|p> linearity of trace
k

= Tr (Ap)
Examples with qubits. Suppose that the black box B; returns a qubit with states |0) or |1)
uniformly at random, i.e. with probability % each. The density matrix p; of this distribution is:

1 1 1
=— Sy = =1
p1 = 510 (0] + 51)(1] = 5

Now consider a black box Bs returns a qubit with states |[4+) or |—) uniformly at random. The
density matrix po is:

(H)CH + =)= = 51

N

p:
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We obtained the same density matrix. This means that in practice we cannot distinguish B;
and B, even after an arbitrary evolution U since ULUT = 1, i.e. the density matrix does not
change upon evolution. This property of quantum information is quite unique, and sets an
important difference from classical information: clearly |+),|—) are different from |0),|1), yet it
is impossible to tell the two cases apart.

11.3 Properties of the density matrix

Let us analyze p, and derive some properties. First of all, we notice that p can be seen an
endomorphism of the Hilbert space H containing the states |1;) in the mixture.

Theorem 11.1. Tr(p) = 1.
Proof. Let {|1;)}i be the set of possible states with mixing probabilities p;.
Tr(p) = Tr (Zp¢|¢i><¢i|>
= Z Tr (pi|bs) (i) linearity of trace
= Z Tr (pi (Yil1)s)) cyclic property of trace

A
Zzpizl
i

]
Theorem 11.2. p is Hermitian.
Proof.
T
pl = <Zpi|¢i><¢i\> = ZPz‘(WﬁWH)T = Zpi|1/%><¢z’| =p
]
Theorem 11.3. p is positive semi-definite.
Proof. For any |¢) in H:
(9lple) = Zpi<¢|¢i><¢i’¢>
= sz'|<¢z’|¢>>|2
>0
]

These properties tell us something important about the spectral decomposition of p: Theo-
rem 11.2 ensures that the eigenbasis of p is orthonormal, which is a property we always appreciate
in quantum theory. Theorems 11.1 and 11.3 tell us something about its eigenvalues: positive
semi-definiteness implies that the eigenvalues are all non-negative while, on the other hand,

90



the sum of the eigenvalues of a matrix always equals the trace, which in our case is 1. The
eigendecomposition seems to yield a probability mixture of new states:

p=UDU" = ZP o | V) (Pz|

where D is diagonal, {|1,)} forms a orthonormal basis of H, and P, is the probability induced by
|thz). Just like in the example with qubits we have introduced in Section 11.2, if we construct a
black box B’ using the eigenbasis of p as probability mixture, we would obtain a total probability
that is indistinguishable from the original (p did not change after all).

We present here two important special cases:

e if p = |p)(¢|, meaning that the mixture yields |¢) with probability 1, we call such mixture
pure state;

o if p= |7-l| 7 the distribution will be uniform among the states in A, and this corresponds

to what we call fully mixed state.

From now on we will extend the term “state” also to refer to such distributions. Moreover, we
will denote with S(H) C End(H) the space of density matrices in the Hilbert space H.

11.4 lIgnorance about local information and the partial trace

Consider an example where we have a state pap € S(Ha ®Hp) shared by two players, Alice and
Bob. Alice has only access to H4, and Bob only to Hp (you can imagine two qubits A, B). We
would like to represent the knowledge that only one of the players has about the global system.

Definition 11.4 (Partial trace). Given a composite system Ha & Hp, the partial trace with
respect to H 4 is a function

Trg : S(Ha®Hp) — S(Ha)
PAB > PA
i.e. it yields the density matrix of the subsystem A, given the density matrixz of the global system.

Let us derive a general expression that we can use. We know that the partial trace above
must satisfy the following conditions:

e A local measurement on Hy4 (i.e. an observable of the form M4 ® 1) must behave with
the correct outcome probability distribution;

e A local evolution on Hp should not change the value of the partial trace.

Notice that these are the exact same properties we found in Sections 8.1 and 8.2, when we
talked about local observables and non-interacting systems.

7Although this is an extreme abuse of notation, you can imagine that this also works if # is infinite-dimensional.
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Local observables. Suppose to have an observable O = M4 ® 1pg, as anticipated, where
M = >, agll,, with II, = |z)(z|. The property we described above should translate to the
following constraint in the induced probability spaces:

P(z), =P(x)

PA PAB

which, rewritten in terms of traces becomes:

Tr (Izpa) = Tr ((Il; ® 15)paB)

Let us now choose an orthonormal basis {|i) 4|j)}:,;j of Ha ® Hp which we use to express the
trace:

Tr ((II; ® 1)paB) = ZH( jl (IIy ® 1) paB) |7)|7)

= Z (GI1B) pasli)ls)

We are going to choose {|i)} = {|x)}, since we could choose any orthonormal basis to define the
trace.

Tr (I, ® 1p)pap) = Z ((ilz)(z)) @ ((i[1B) paBli)|7)

—Z z|a(j|B) pas (|z)alj)B)

= (7| (Z (La® (jlB) pap (La® U>B)> |z)

J

Notice that the matrix in the sum is in S(H4) and in fact, under the assumption that II,
projects onto a single basis element |z), what we have within the tuples is exactly pa since:

Tr(|z)(x]pa) = Tr((z[palz)) = (z[palz)

as in the above expression.
Therefore, a good candidate for the definition of the partial trace can be:

Trp(pas) = Z (La® (jlB) paB (14 ® |7)B)

Since the trace is a linear operator we can use the following notation:

Trp(pap) = (14 ® Trp) pas

Local evolutions. We still need to prove that the definition we found is independent from
possible evolutions in Hp. Suppose we evolve the two systems independently with an operator
(Ua ® VB). We already proved that the density matrix becomes:

pap = Pap = (Ua® Vp)pas(UL @ V)

Let us see what happens to the partial trace with our definition:
Trp(pap) = Tt ((UA ® V)pap(Uh ® V;))
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Z 14 ® (j|g) (Ua® VB)pas(Ul @ Vi) (14 ® |5)5)
Z (Ua @ (jlBVB) paB (UA ® Vili)p )
J

Now we simply do a change of basis |j) < V|j) (note that it is still an orthonormal basis since
V is unitary). We know that the trace is independent of the basis and:

Trp(pap) = 3 (Ua @ (iln) pan (Uf @ 15)5)
J
=U (Z (1a® (jlB) pap (1a® |j>3)) o
J
=UpUt
which means that a local evolution in B does not change anything on the partial trace, exactly
what we wanted. This confirms that the definition we found was exactly what we were looking

for. It is worth noticing that in order to find p/y = UpaU T, one can either evolve the partial
trace Trp(pap), or compute the partial trace on the evolved state Trp(pyg), i-e.

Trp ((Ua @ Vi)pap(Uh @ Vi) = U Trp(pap)Ut

We close this section by showing two properties of the partial trace, which will be useful
later:

Theorem 11.5 (Linearity of partial trace). Trg(api + Bp2) = aTrg(p1) + S Tre(p2).
Proof.

Trp(apr + Bp2) = Y (14 @ (j|B) (ap1 + Bpa2) (14 © |5) B)
J
—Z 14 ® (j|B) (@p1) (La ® [4)B +Z 1a® (jlB) (Bp2) (La®|j)B)

=a) (1a® () p (1a®@|j)s)+ 8> (1a® (jlB) p2 (14 ®|j)B)
J J

= aTrp(p) + BTrp(p2)

Theorem 11.6. Trp(ps ® pp) = pa.
Proof.

Tra(oa @ pp) = 3 (14 @ (il5) (04 @ p5) (14 @ 1) 5)
= i(PA ® (jlBpB) (14 ® |j)B)
= XJ: (pa @ (jlBpB) (14 ®1j)B)
= PJAZMPBW
— oA T]r(pB) — pa by Theorem 11.1
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11.5 Superposition vs probabilistic mixture

In this section we want to evidence an important difference between a qubit in a superposition
and a bit chosen uniformly at random. Consider two different states:

o p1 yields [+) = 1 with probability 1;

e po gives one of |0),|1) uniformly at random.

Analysis of the superposition. Let us start by analyzing p;: its density matrix can be
computed directly using Dirac notation:

p1 = [+){+]
_ %(\m +1))((0] + (1))

_ %(\oxoy +10)(1] + [1)(0] + [1)(1])

_1(11
2011

Notice that pp, like any density matrix of a pure state, is idempotent:
pt = () FHD (D = ) H = ) (H =

This is a good way to check whether a density matrix (expressed in vector notation, say) corre-
sponds to a pure state or not.
Now let us compute the outcome probabilities when we measure p;:

e Using the Pauli matrix Z:

e Using the Pauli matrix X:

= Tr (|+) (+[+) (+])

1 11
_2Tr<1 1)‘1

It is worth mentioning that nobody forces us to compute the trace using matrix notation.
Sometimes it may be even faster to use Dirac notation and take advantage of the linearity of
trace.

Now let us consider an example of evolution of p;: we make the qubit pass through a
Hadamard gate H. The state after the transformation is:

pr— Hp H' = |0)(0|
i.e. the state will be |0) with probability 1, which totally makes sense, since H always transform

|+) to |0).

94



Analysis of the probabilistic mixture. We immediately see the first difference by comput-
ing the density matrix:

1 1 1
= - -1 {1 =<1
p2 = 510)(0] + 5/1)(1] = 5

And it is clearly not a pure state:

1

2
= —]1
P2 4 # p2

Indeed, let us see what happens with a measurement here:

e with the Pauli matrix Z:

P (0),, = Tr (10)(0]p2)
= T (10) (0]1)

1 10 1
_2Tr<o 0)‘2

e Using the Pauli matrix X:

Moreover, any evolution of py does not change any information we have about a fully mixed
state:
1

1
pa = UpaUT = 5UJlUT =51 =p2

From these we can infer a different characterization of a fully mixed state.

Theorem 11.7. A state p € S(H) is fully mized if and only if the probability distribution of
outcomes is uniform for any chosen measurement basis.

On the other hand, we have already seen in Section 1.4 that the notion of superposition is
relative to a particular measurement basis, and thus there exists a basis (indeed, infinitely many)
in which the outcome is deterministic. This is why we called this type of density matrices pure
state.

11.6 Entanglement vs probabilistic mixture

We will see now how entanglement behaves with this new formalization, and we will see three
example cases.
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Pure entangled state. Let us now consider the density matrix pap € S(H4 ® Hp) of two
qubits, and suppose it gives a pure state:

paB = [¥)(Y|aB

where [1)) is the entangled state (]00) +(11)). We rewrite pap:

pAB =5 (!00><00! +[00) (11| + [11)(00] + [11)(11])

N | =
= o O =
o O O O
O O OO
_ o O =

What happens now if we take the partial trace?

pa=Trp(paB)
= % (Trp(]00)(00[) 4 Trp(]00)(11]) 4+ Trp(|11)(00]) + Trp(]11)(11]))

— %Z(I{A@(j\B)pAB(ﬂA@ 17)B)

Now notice that Trp(]00)(11]) = Trp(|11)(00]) = 0, since in the terms of the sum (j|0)(1]j) or
(711)(0]j) will appear; if we choose a basis {|j)} containing |0),|1), all these terms cancel out
since at most one of |0),|1) can be equal to |j). Thus we are left with:

(100)(00] + [11)(11])

DO | = L\’)\»—t

J

Tr (
(Z (14 ® (jl5) 100){00] (14 @ |5} ) + Z(IIA®<j|B)!11><11\(]lA®|j>B)>

> (10)a @ (510) )(<0\A®<0j>B)+Z(I1>A®<j|1>B)(<1|A®<1|J'>B))

J

l\')\»-t N | —

1
0){(0]a + [1)(1]a) = 5la

i.e. if we have an entangled pure state globally, then locally we get a mixed state. While this
is somewhat counter-intuitive (a global superposition is giving a local mixture after all), keep
in mind that having a locally pure state would mean that the global state could be written as
tensor product of local states, which falls in contradiction with the fact that |¢)) is entangled.

Classical correlation. Now suppose that pap gives us one of |00), |11) uniformly at random,
ie.

1 1
PAB = 5’00><00\ + 5‘11><11‘
0

o O o O
o O o o

0
0
1

\V]
oS O O =
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This is what we call classical correlation, because the two qubits are correlated in the sense
of probability theory. The partial trace Trg(pap) is the same as in the previous case, because
we only lack the terms |00)(11[, |11)(00|, which canceled out anyway in the computations above:

pa = Trp(paB)
= %(|o><0\A +[1)(1]a) = %]lA

i.e. only looking at the first qubit gives us a random bit. We found that the two cases are locally
indistinguishable: we cannot tell if two qubits are entangled or only classically correlated if
we only have access to one of them, but the situation can get worse.

Local mixtures. In this case, we have two completely unentangled qubits in fully mixed state:

1 0 0 O

1 1 1 1{0 100
PAB—PA@PB—§1A®§]IB—11AB—Z 00 1 0
0 0 0 1

By Theorem 11.6, also in this case the partial trace becomes:

1
Trp (pa @ pB) = pa = 511,4

Let us see which post-measurement states we get by measuring in the following three different
bases, namely,

e with Z4 ® Zp, i.e. the computational basis:
{10), 1)} @ {10), [1)} = {|00),101), [10), [11)}
e with X4 ® Xp, i.e. the Hadamard basis:
{I+), 1= @ {I4), =0 = {1 [H=) =)+ =) =)}

e with B, i.e. the Bell basis:

{‘(I)+>, ‘\I/+>, ’(I)f>, ‘\I/7>} — {|00> + ‘11> |01> + ’10> ‘OO> — |11> ’01> — |10>}

ZAQ Zp XA Xp B
Pure entangled |00), |11) u.a.r. |-£)[+),|—)|—) wa.r. |DT)
Classical correlation |00), |11) u.a.r. any basis state wa.r.  |®T),[®7) v.a.r.

Local mixtures any basis state u.a.r. any basis state u.a.r. any basis state u.a.r.

Notice that these measurements can actually distinguish the three cases (the distribution is
different, a statistical test is sufficient), but they are not local measurements.
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11.7 Uncertainty about evolution

In the previous sections we formalized the concept of density matrix, in order to describe a
system for which we do not completely know the state. Now we want to address the case in
which we are uncertain about the evolution. We model this in an analogous way: we have a
black box B just as before, returning a state p. Moreover, we have another black box £ which
takes p as input, and returns the evolved state. Thus, if we were certain about the evolution,
i.e. we know it is a unitary operator U, we would already know what the evolved state would
look like:

E:p—UpUT

On the other hand, if we suppose that £ evolves the input state using operator U; with probability
p;, then we can use the law of total probability:

E:pr E(p) = pi- UipU]

A different way to express uncertainty about evolution is to introduce a state o, which in
some sense represents the state of the environment, and then evolve the state p ® o with a
known evolution operator U:

E:p—E(p) = (UAE(P ® UE)UIXE)

In this second representation, the uncertainty about the evolution lies in what we do not know
about the environment, while the evolution itself is well-known. It is important to note that the
transformations defined above are, in general, non-reversible, i.e. they are not invertible.

How can we define a model for a general case that takes into account both the definitions
above? We would like such a map to be:

e linear: this is because we want in particular that:

g <2Pipi> = pi&(pi)
i i
since we can always express a state as mixture of other states, and this would keep the

probabilities consistent with the evolution;

e trace-preserving: Tr(p) = Tr(E(p)), in order for the new state £(p) to preserve Theorem
11.1 and thus still be expressed as probabilistic mixture;

e completely positive: the new state £(p) must also preserve Theorem 11.3, i.e must
remain positive semi-definite. This must be true also if we apply £ to a subsystem:

paB = 0= (E4®1p) (paB) =0

Thus, we formalize the concept of uncertain evolution with a mapping:
EasB: S('HA) — 8(7‘[3)

satisfying the three properties we mentioned. Notice that the Hilbert space changes because we
also use it to model transformations from a system to another. These maps are called (non-
ironically) trace-preserving completely positive maps (or TPCPM). Quantum channels
is another very popular term we will use.
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11.8 Kraus decomposition

We present here the first representation of TPCPMs, generalizing the idea of total probability
presented in the previous section. It is called operator-sum (or Kraus) decomposition:

E(p) = EypE}, where Y E[E; =14
k k

and {E}}x are called Kraus operators. Linearity comes natural, so let us see if it satisfies the
other conditions.

Theorem 11.8. The Kraus decomposition preserves the trace.

Proof.
Tr (Z Eka/i) = Z Tr (Eka,Z) linearity of trace
k k
= Z Tr (pE,ZEk) cyclic property of trace
k

o)

= Tr (p) since Y EjEy =14
k

Theorem 11.9. The Kraus decomposition is completely positive.

Proof. Considering p = 3, pi|1i) (¥i| = 0:
ZEWET =Y E (ZI%WQ@M) B}
k e i
= > pi > Eul) (Uil Ef
i k

One can see that Y. 1) (i x| is a sum of outer products Ex|v)(Ex|w))T, which is positive
semi-definite by Theorems B.23 and B.24. Therefore, for any vector |¢), and since p; > 0:

(9] <ZP¢ZE1§W¢><%|E£> |6) = > pil9l (Z Ek|¢i><¢i|E1];> |9) >0
ik 5 K

Moreover, if we suppose to have a state in a composite system pag = >; pi|1:) (¥il:

(Easp ® 1E)(pap) = > (Ex ® 1p)pap(E} ® 1g)
P

=2 pi <Z<Ek ® Lg)[s) (il (B ® ]lE)T)
5 p

just like in the single-system case, we have a sum of outer products, and the result remains
positive semi-definite with the same argument. O

Let us see some examples with the Kraus decomposition:
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e A unitary map is indeed a special case of Kraus decomposition

E(p)=UpU', UU=1

e Erasure channel: maps every state to a fixed state pg — |[¢)p

=D [0)(klplk) (]
k

for an orthonormal basis {|k)}x of 7 4. One can see that this indeed gives us a pure state:

= 2}; [¥) (Klplk) (]
= ;(klplkﬂw}(@bl
= [¥) (| Y_(klolk)
=) (] Tkr(p) = [¥) (]

moreover, » E};Ek =Yk k) (W) (k| = Xk |k) (k| = 1, since [¢) is normalized and {|k)}

is an orthonormal basis.

e White noise (depolarizing channel): this channel introduces noise with some proba-
bility p

1
E(p) = =plp+p3
With “introducing noise” we mean that the state becomes a fully mixed state (the 2 is
because we are assuming that this is a qubit, but it can be generalized to arbitrary state
spaces), losing the information p we had. Extracting the Kraus operators requires some
more effort, but in the end one can find:

E FHEQ \[XE3 \/7YE4 \[

We conclude the section by mentioning that the Kraus decomposition, just like the decomposition
of a density matrix, is not always unique.

11.9 Stinespring dilation

Here we present a different and more intuitive way to represent an uncertain evolution, based
on the environment representation we anticipated.

E(pa) ® &) = Uap(pa © [0)(0|2)U 5

here |0) g represents the initial state of the environment, called ancillary state. The circuit for
this evolution is represented in Figure 11.1.

We have an initial state space H4 ® Hp and a final state space Hp ® Hgr, such that they
are isomorphic. If we talk about qubits, one can imagine this constraint as having the same
number of qubits both in input and output to the circuit. Note that the evolution written above
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pA ————— —— &(pa) € Hp

0)E

———— — - “Trace out”

E/

Figure 11.1: Circuit for the evolution of a density matrix using an ancillary state.

is still a reversible, unitary evolution we are already familiar with. We can define the mapping
as follows:

Easplpa) = Trp (UAE(PA ®10) <0|E)U,J£1E>
= Trg (UAE(HA ® ’0>E>pA(]lA ® <0’E)UIXE)
= TI‘E/ (V/)AVT>

where V = Uyp(la ®|0)g) is an isometry from H 4 to Hp @ Hp:.

From Stinespring dilation to Kraus decomposition. Let us discuss the equivalence be-
tween the two representations we obtained. We rewrite the isometry V' as follows:

V=Y E®|kg
k

where {|k)} is an orthonormal basis for # . With this expression, we obtain from the fact that
Vv =194

14 =ViV
=S (Bl @ (k)(E 2 |0)
k0

= BLE(k|0)
k0
_ I
=Y E\E;
k
i.e. . are valid Kraus operators. Now let us take the partial trace:

E(pa) = Trp (VpaVT)

= Trp ((; Ep® |k>E> pa (Zg: El® <€IE>>

:ﬂM(Z&m@®WW%

k0

— Z(JLA ® (i) (Z ErpaEl @ |k:><€|E) (1a®14))

k0

=" ErpaBl (k) (L]5)
3,k

¥Remember that, for an isometry, it holds that ||Vz||? = [|z]|?, implying VTV = 1. If the isometry is unitary,
then also VVT = 1 holds.
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=" Ewpak}
k

which is exactly a Kraus decomposition. This derivation also gives a reason why the Kraus
decomposition is not unique: we know that the partial trace here gives us only information
about local states, hence different global evolutions can lead to the same local effect, while
yielding possibly different Kraus representations. This is something we saw indirectly in Section
8.3, when we showed how a global evolution could be written in a different way, exploiting the
linearity of the tensor product.

11.10 Example with CNOT gate

We see here a simple example of quantum channel, with a global reversible operation we know:
the CNOT.

PA E(pa)
0){0l & 6

A\

Notice that H4 = Hp, Hr = Hpg. The evolution is given by the CNOT gate:

U=000]®1+1){1]®X =

o O o
S O = O
— o O O
o= O O

If the first qubit is in state:
1

pa =22 cylidil = ( oo )

clo ¢
=00 10 €11

The total input of the circuit is:

1 1

pae = pa®[0)(0]z =D cijli)(jla ©10)(0|e
i=0 j=0
coo 0 cio O
_000001®10_0000
o Ci10 Ci11 0 0 - Co1 0 C11 0
0 0 0 O
After some calculations we get that the evolved state is:
coo 0 0 cig
0 00 0 11 11
UpaeUt=| 0 o o o | =22 asli)iil =3 csli)iil@1i){]
i=0 j=0 i=0 j=0
cor 0 0 cn Y i

and finally, we take the partial trace:
E(pa) = Trpr (U(pa® 0){0)U)
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= Trp (ZZ%I gl @ i) I)

=0 75=0

= Z Z cij Trpe (|2) (4] @ |4)(4]) linearity of partial trace
= 0] 0

—ZZ%Z (1 ® ()G @ 1)) (L © |0))

szO

_ZZZ%’ i) (j1€)

10304

_ch| (cog 0 )

C11

Thus we found that the CNOT gate does what we call a pinch of the matrix, which means
zeroing out all the entries that are not in the diagonal:

g<600 601>:<600 0 >
c10 €11 0 cn

and the Kraus representation of this is easily found (check it!):

10 0 0

In general one can notice that, in vector notation, the partial trace can be easily computed:

Tep as by _ [ @ +as b1+ b
c1+ca di+d

i.e. the trace is computed in blocks, in a similar way to how we distribute the tensor product.
Let us choose, to make the example more concrete, a pure state [¢)) = «|0) + §|1), i.e

a2 of
pa =) (W] = [al?0)(0] + " B[1)(0] + af*|0) (1] + |BP|1)(1] = ( L/f"* m@ )

Pinching the matrix gives us:

a2 a8\ (o2 o
5<aﬂ* W)‘( 0 W)
= [af2j0) (0] + |B21)(1]
—P(0),[0)(0] + P (1), [1)1]

which is not a superposition, but a probability mixture of post-measurement states. In
particular, we can think of this as the view of the post measurement state for an observer that
does only know a measurement has been performed, but not its outcome. Thus, we showed here
how to schematize a projective measurement as a quantum channel, and this can be generalized
(with some effort) to an arbitrary observable and an arbitrary Hilbert space.
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11.11 Measurements as quantum channels

Suppose to have a Hilbert space H = H4 ® H,, where the latter is continuous, and consider a
(discrete) observable M4 on Hy:

My =) axlk) (k|
k

We may have more complex projectors for the same label, but we keep single elements (outer
products) |k)(k|, for simplicity. We already saw in Section 8.3 that a possible interaction Hamil-
tonian to implement M4 is:

H=Mjs® P, = U(t) =exp (—ZI;MA@)Pz)
We also saw that, with an initial state |¢) = > ck|k) ® |1o):
it
UO) = X eulk) ®exp (-3 Ma e P ) i)
k
= ch|k) ®/ Yoz — tag)|z)dx
k R
=) crlk) ® [vr)
k

We fix some time ¢ > 0, and we define the pure state p after the evolution as:

p =[] = crcilk) (] © |vr) (1]

k?j

Let us assume we do not have a weak measurement, which means ¢ and aj are chosen such that
the overlap between different |¢;) is negligible. In order to see the local effect, we apply the
partial trace, as before:

E(pa) = Try (Z crc; k) (j] ® |¢k><¢j|)

k7j

= chcj- Tr, (k) (j| @ |¥r) (¥5])

k.

= Y ac; [ (14 (ala) (0] 1) (]) (La © [2).) do
k.j R

= > adll [ (o le)ds

=3 aglil | (e aliu)ds

= S ad it ([ i) o
= 3 e k)Gl )
k.j

~ Z e 2 k) (K| overlap (Y |tn) ~ 6(k — k')
k

104



i.e. locally we see exactly a mixture of the post-measurement states, with probabilities |cx|?. The
problem here is that the assumption that the overlap is negligible is not always reasonable: a
method to better model the measurement is to take into account the overlaps using the structure
of the density matrix. Let us review the last step of our computation:

E(p) =D _ ccslk) (5] {ws1n)

k.j

If j = k, then the term is 1 anyway, but if ¢ # j, then the coefficient (1;|1;) will be somewhere
in [0,1] (in absolute value). In the diagonal of £(p) we will still see |cx|?, but the pinch of the
matrix will not be perfect, i.e. the matrix can still have non-zero values outside of the diagonal.
This is called non-projective measurement: although we cannot implement it, it is a good
ideal model to work with.

Example in the discrete case. We can modify the example with the CNOT gate from the
previous section, by replacing the X gate with a rotation by an arbitrary angle around the x
axis of the Bloch sphere:

PA E(pa)

10) (0l R (0)

Depending on the rotation angle 6, we obtain different unitary evolution operators. In particular,
if 6 = 0, nothing happens on the system and U(t) = 1. On the other hand, for § = 7 we get
exactly the CNOT gate. Finally, other rotations will yield non-projective measurements with
non-zero values off the diagonals.

Kraus decomposition of an observable. We apply the law of total probability: with
probability P (k) , we end up with the corresponding post-measurement state (we avoid terms
with probability 0):

T
&) = P (), g
k

= > Tpll}
k

p

hence, E = II; are valid Kraus operators since:

Smm=SYm=m=1
k k k

11.12 Intuition: mixed states in the Bloch sphere

In this section we show an elegant geometric property of the Bloch sphere, which is helpful to
better understand what uncertainty is: we already saw in Section 1.7 that a state |¢)) is identified
by two spherical coordinates (6, ¢):

1) = cos(0/2)|0) + €™ sin(6/2)[1)
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1)

Figure 11.2: A mixed state p on the plane on which its composing states lie.

where 6 € [0,7),¢ € [0,27). Following what we saw in this chapter, this holds for any pure
state p = |¢)(¥|. Now let us add a third coordinate r € [0, 1], ending up with a total coordinate
system (7,6, ¢): this means that we completed the Bloch sphere by adding its interior points. If
we have a state:

p= sz‘|¢i><¢i|

this state is a convex combination of pure states, i.e. it can be identified by a point within the
sphere (which is exactly the convex hull of the space we are considering).

Consider for example a mixed state p = p|y1) (1] + (1 — p)|h2) (2. If for simplicity we only
look at the plane on which the two pure states lie on the Bloch sphere, we get the diagram for
the mixed state in Figure 11.2.

At this point, the fully mixed state (one may have imagined at this point that this is actually
unique), corresponds exactly to the center of the sphere, i.e. when r = 0, while pure states are
identified by (6, ¢) as usual when r = 1.

What about measurement probabilities now? We already know that a measurement
basis corresponds to two opposite points of the sphere, thus a segment connecting these two
points passes exactly through the origin. For example, suppose we measure with respect to Z,
i.e. the computational basis {|0),|1)}: the segment is exactly a vertical segment

{(z,y,z) ER:)"x:y:O,ze{—l,l}}

The measurement probabilities P (0) o P (1) , induced by a state p can be interpreted geometri-
cally as follows: take the point in the Bloch sphere corresponding to p and project it onto the
segment. This gives a point in the Bloch sphere x that can be expressed as:

x=(1—-1t)x0+ (t)x1

where xg,x; are the points of |0), |1) on the sphere. At this point, the probability of measuring
|0) is exactly ¢, and the other is 1 — ¢t. Roughly speaking, as you can see in Figure 11.3, the
closer the projected point is to one of the elements of the measurement basis, the more likely is
that element to be observed.

This not only can be extended to an arbitrary measurement basis (i.e. an arbitrary diameter
of the sphere), but also shows that the fully mixed state is the only one that will be exactly in
the middle of any diameter, i.e. chosen any measurement basis, yielding a uniform distribution.
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11.13 Heisenberg's uncertainty principle

We close the chapter by showing an important and famous theoretical limit to the degree of
certainty we have about the state of a particle in space. For an observable A and a state p we
define the deviation observable:

AA=A— (A1

It is easy to see that the variance of A as defined in Section 7.1 (and as introduced for the
first time in any probability course) is exactly the expectation of (AA)%2. Whenever it is not
ambiguous we will denote by AA also the square root of AA?, i.e. the standard deviation of the
observable A.

We first prove some results that we will use:
Lemma 11.10. [AA,AB] = [A, B].
Proof. For any state p the following holds:

= [4, Bl = (A)’[1, B] = (B)"[A, 1] + (A)”(B)"[1, 1]
= [A, B]
since commutator is bilinear and everything commutes with the identity. O

Lemma 11.11. For any two operators A, B, AB = %[A, B + %{A,B}, where

[A,B] .= AB — BA
{A,B} = AB + BA

are respectively the commutator and the anti-commutator of A, B.
Proof. [A,B]|+{A,B} = AB— BA+ AB+ BA=2AB O
Lemma 11.12. For any two Hermitian operators A, B:

1. [A, B] is anti-Hermitian;

2. {A, B} is Hermitian;

1)

Figure 11.3: Measuring a mixed state: interpretation on the Bloch sphere.
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3. (V|[A, B]|v) is purely imaginary.
Proof. We prove the three claims separately:
1. [A,B]' = (AB — BA)! = (AB)! — (BA)" = BTAT — A'BY = BA — AB = —|A, B]
2. {A,B} = (AB+ BA)' = (AB)! + (BA)' = BtA' + A'Bf = BA + AB = {A, B}
3. We proved that [A, B]f = —[A, B], hence
(1[4, Bllw))* = (¢I[A, Bl'|¢) = —(v|[A, B]lv)

and any z with z* = —z is purely imaginary.

We are ready to prove our main result:

Theorem 11.13 (Robertson, Schrodinger). Let A, B be two observables. For any state |1¢) the
following bound holds:

AA AB > % (14, B)"
Proof.
AA2AB? = (P|(AAP[9) ($|(AB)?[4)
V(AA)T(AA) Y)W (AB)T(AB)|y) AA, AB are Hermitian
> |(Y|(AA)(AB) )2 Cauchy-Schwartz inequality

2

— |t (5184.88)+ 3{A4, A8} ) |0 by Lomma 11.11

= i [(WI[A, B|v) + (¢{AA, ABY|¢)[* by Lemma 11.10

By Lemma 11.12 the first term is purely imaginary and, since {A, B} is Hermitian, it has real
labels and the expectation is real’. This means that the two terms are orthogonal in C and we
can separate them:

la + ib|* = |a|?® + |b|?
Thus, we found that:
1
(WA, Bl + 4 [(W{AA, AB} W)
@14, Bl

he proof. O

AA’AB? >

1V
N e

Taking the square root completes

As a corollary we obtain the Heisenberg uncertainty principle.

Principle 11.14 (Heisenberg). For a particle in space with position operator X and momentum
operator P:

AX AP > h/2
where h is Planck’s constant.

9The expectation of a real random variable is always real, convince yourself!
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Proof. 1t is sufficient to apply Theorem 11.13 where [X, P] = ikl is the canonical commutation
relation we derived in Section 5.3. O

This result tells us that we cannot be very sure about both position and momentum at the
same time: if the variance of the position is very low, then the variance of the momentum will be
inevitably high and vice versa. We also saw this effect implicitly when we talked about Gaussian
wave packets in Section 7.5. In fact, we have seen that:

AX:a:>AP:i
20

which also proves that the bound is tight.
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Chapter 12
Dynamics of Open Systems

12.1 Schrodinger equation for mixed states

In this section we generalize the Schrodinger equation to mixed states in uniform dynamics. We
already know that the evolution of a state p(t) with Hamiltonian H, over a tiny period of time
0t is determined by:

p(t + 6t) = U(6t) p(t) UT(6t)

and this is because of uniform dynamics. Now let ¢t — 0 and take the Taylor expansion of
U(dt):

U(5t) = exp (—?H) —1- %H +O(512)

Using this expansion, let us rewrite the expression above:

p(t +dt) = (11 — %H + (’)(6t2)> p(t) (]1 + %H + O((St?))
=p(t) + %ﬂp(t)ﬂ - %Hp(t)l + O(6t%)
= o) = L Hp(t) + S oty H + 01
1 0t

By rearranging the terms we obtain:

plt+3t) —p(t) i
ot

and, by taking the limit for 4t — 0 we obtain exactly the derivative on the left-hand side:

dp 1
— = —|H 12.1

and this is the time-independent Schrédinger equation for mixed states.

12.2 Open systems

Now we consider the notion of open system: the concept of “openness” in general physics
implies that the system can interact with the external environment. In order to schematize this
in quantum theory, we consider a Hilbert space of the form:

H=Hs3HE

where S is our open system and E represents the environment. Generally, dim Hg < dim Hpg,
i.e. the environment is typically a much larger system. If we try to analyze the evolution of the

110



system S, we need to take into account the influence of the environment. More concretely, this
means solving the Schrédinger equation on the whole system:

Now here it comes the problem: Hgp may be dramatically large, and we may not even know all
the details of the interaction enough to approximate the Hamiltonian. On the other hand, we
do not need to keep track of the evolution of the state psg of the whole system, in particular it
suffices for us to know enough of the state of the system pg, i.e. the partial trace

ps(t) = Trp (Usp(t) pse(0) Ulp(t))

However, again, computing this partial trace may be infeasible, for the reasons we already
mentioned. The ideal model is to have a TPCPM & dependent on time which approximates
what happens in the environment:

ps(t) = Es(t, ps(0))

In order for this approximation to be good enough, we will assume that the dynamics of the
environment is much faster than the interaction, which means that previous correlations between
the system and the environment become negligible. A concrete example is the cup of coffee:
when heat is transferred from the coffee to the surrounding air, there are particles of air that
receive energy. Since the particles of a gas move really fast, we can assume that the particles in
the coffee interact with “new pieces of air” every time, and that it is unlikely to interact with
the same particle twice.

12.3 Lindblad equation

In this section we present the Lindblad equation, which is an extension of the Schrédinger
equation to the setting of the open systems. We take the idea we presented in the previous
section:

p(t +dt) = E(5t, ps(t))
where, again, £(dt, ) is a TPCPM for every dt. We consider a tiny variation dp:
£(0t, ps(t)) ~ p(t) + op

where |dp| < |p|. Since this is a quantum channel, we can write down its Kraus decomposition:

EGt.p)=p+op= AppA]
k

and we choose the following Kraus operators:

Ao =1+ 6t(Lo — iK)
Ak:Lkm k>0

where K and Lj for every k are bounded operators.
Let us analyze the terms of the sum in the Kraus decomposition:

AppAl = (146t (Lo —iK)) p (1 + 6t (Lo + iK))
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= p+ 8tLop — i6tKp + 6tpLo + idtpK + O(6t%)
= p+ 6t{Lo, p} + idt[p, K] + O(6t?)

where {A, B} := AB+ BA is the anti-commutator we first introduced in Section 11.13, which
has the same bilinearity properties of the commutator (check it!). The terms with & > 0, on the
other hand, become simply:

AppAl = LypL} 6t

If we put everything together we obtain:

p(t) +dp =" AppA]
k=0

= p+0t{Lo, p} +idt[p, K| + 6t > LypLf + O(6t?)
k=1

Hence, remembering that p 4+ dp = p(t + 6t) and letting dt — 0, we are left with:

oo
p(t + 6t) = p(t) + ot ({Lo, ot +ilo, K]+ LkaL>

k=1

dp . e +
= = (Lo pt =il pl + > LipLy
k=1

and this last result we obtain is the Lindblad equation. While the anti-commutator and the
Kraus decomposition are new to us, the term in the middle closely resembles what we obtained
in the Schrodinger equation of Section 12.1, thus let us pick K = Hg/h, where Hg is the
Hamiltonian of our system. The Lindblad equation now becomes:

d 1 =
dt ih =

This clearly shows that this is an extension of the Schrédinger equation. Indeed, let us consider
an isolated system, i.e. the system S and the environment E do not interact:

Hsp=Hs®1lgp+ 1ls® Hp = Ugp(t) = Us(t) @ Ug(t)
implying that the evolution of our state is:
Us(t)ps(O)UL(2)

which means that this state satisfies the Schrodinger equation and, in turn, the Lindblad equation
with Ly = 0 for every k.

Now we would like to understand a bit more what these operators Ly look like, and in order
to infer this we will take advantage of some constraints that must hold. In particular, we check
that the trace is preserved:

_ d o (AP _
Trp:1:>dtTrp—Tr<dt>—0

where the last equality follows from linearity of trace. Now we replace the Lindblad equation
here, and apply all the properties of trace we know:

d 1 s
0= (%) = 5 TelHls, o) + Te{Lo,p} + 3 Tr (LupL)
k=1
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The trace of a commutator is always zero (why?), and the cyclic property of trace also ensures
us that

Tr(Lop + pLo) = Tr(Lop) + Tr(pLo) = 2 Tr(Lop)

The sum in the third term, on the other hand, yields

(@) o
S Tr (LkaL) =3 T (L,LLkp)
k=1 k=1

Putting all together we obtain that:

o0
0=2Tr(Lop) + Z Tr (LLLkp)
k=1

[oe)
0 =Tr(Lop) + % ST (LLLkp)
k=1

1 o0
0="Tr (Lop + 22 Z LLLkp>

0="Tr <<L0+ kzlLTLk> )

Since this must hold for any state p, we evince that the expression in the tuples must be the
null operator, i.e.

1 1 &
L0+§ZLLLk:0<:>LO 5ZLLLk
k=1 k=1
Hence we can replace Lg in the Lindblad equation:
dp 1 > t
= = Hs ol =5 Z LiLipy+ > LipL] (12.2)
k=1

and Ly for k > 0 are called Lindblad operators. Our goal now is to understand what these
Lj; mean and, more concretely, how to compute them for a given physical system we want to
analyze.

Example with qubits. We consider our system to be a qubit:

Hs = span{|0),|1)}

with degenerate Hamiltonian, i.e. Hg = 0 and the two states are at the same energy level. This
qubit is in a generic state p:
Coo  Col
0) =
ps(0) ( o en )

We would like p to converge to |0)(0| for any initial state (which means that the qubit is erased):

lim ps(t) = |0)(0]

t—00
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The elegance of Lindbladian analysis here is that we only need a single Lindblad operator to get
the desired effect:

Ly = X|0)(1]
which means that |1) is always mapped to |0), and A influences how fast the evolution will be.

Since LILl = A2|1)(1] and Hg = 0, the Lindblad equation in this case becomes:

2
% _ 7% {I1)(1], p} + X*|0)(1]p[1) (0]

=32 (=51~ 5o+ (1lpi o) (0]
100 oo ¢ 1 cpo ¢ 00 10
(=5 (0 ) ()3 (e e (5 ) a5 0)

2 0 0 2 0 601/2 2 c11 0
= <010/2 c11/2 A 0 c11/2 +A 0 0

We found that the evolved state satisfies the following linear system of differential equations:

d [ coo cor | _ 2 cin —co1/2
dt \ cio cinl —c10/2  —cn
We immediately see that cio(t),

co1(t), c11(t) have an equation of the form y' = —dy, thus they
die exponentially fast (y(t) = y(0)e~

). The only term surviving will be cgo:

d
7200 = /\QCll(t) = )\2611(0)67)\22&
t
2 [* A2t 2 e¥t]’ A2t
Coo(t) — 000(0) =\ ‘/0 611(0)67 dt =\ [—611(0))\2‘| = 011(0) — 611(0)67
0

Hence we found that coo(t) = coo(0) + c11(0) — ¢11(0)e™>t = 1 — ¢11(0)e~***, and this is because
coo + c11 = Tr p = 1. Putting all together, we found the expression for the evolution of p:

1—c11(0)e™ cop (0)eX*t/2 10
t) = — = |0)(0|.
() < c10(0)e M2 epp(0)e N 0 0 10)40]
We will see a more practical example in Section 13.7, where a qubit interacting with an
environment at temperature T will thermalize through Linbladian evolution.
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Chapter 13
Quantum Thermodynamics

13.1 Work

Unlike other branches of physics such as astrophysics, which were created for purely theoretical
interest or a better understanding of the universe, thermodynamics was born for engineering
purposes. In fact, in thermodynamics we talk about energy, how we can characterize incoming
and outgoing flows of energy by analyzing properties of the system at a macroscopic level. For
example, the average velocity (or kinetic energy) of the particles in a gas or fluid is tightly
correlated to the concept of temperature, which is the first quantity that comes into mind
when we talk about thermodynamics.

Before starting, we present (or recall) the classical definition of work, for completeness. In
classical mechanics, suppose to have a particle at some point in space and, when we apply a
force F to it, we move it by a certain distance dr. The amount of work done by F is F - dr. If
the particle moves along a curve v : [a,b] — R? in space, we sum up all the terms with a line
integral:

W:/VF-dr:/abF(rW(t))-r’v(t) dt

Let us give an example of this: we have a hanging mass m at height h from the ground, connected
to a toy train on a shelf by a pulling system, as in Figure 13.1.

One can see that the force pulling the train towards the positive x axis is the force pulling
the hanging mass towards the ground, i.e. the gravitational force mg (|g| = g ~ 9.815 is the
approximated gravitational acceleration). Thus the total work done by gravity to move the train
is:

W:/mg-dr
v

0
= / —mg dy g points towards negative y axis
h
mgh,

which is exactly the loss of potential energy of the mass (work is a form of energy and has
energy units). Indeed, in the initial state, the energy of the system was exactly mgh: nothing
was moving, so the kinetic energy is 0, while we assume the ground y = 0 to be at zero potential
(remember that the potential is defined up to an additive constant!).

The term ground state in quantum physics, which is a stationary state of the Hamiltonian
with the minimum energy eigenvalue, comes from this example: when the ball reaches the
ground, it is at its lowest level of potential energy, and we need to apply some external energy
to it (i.e. do some work) in order to reuse it (say, by picking the ball up). In thermodynamics,
we use the term work to denote some amount of well-ordered energy that we can use/redirect.

13.2 Energy of batteries

We return to quantum physics now, and we will build a system that can store energy analogously
to how we stored potential energy by holding a ball at a certain height. We will call this system
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X

Figure 13.1: A train being pulled by a ball through gravitational force.

a battery, and the energy stored there work, if it fulfils some properties that we will see later.
Consider a Hilbert space:

Hy = span{|k) }rez,

where the elements of the basis {|k)}; correspond the different energy levels of the system, i.e.
they are the eigenbasis of the Hamiltonian, which has equally spaced energy levels:

Hy =Y kA k) (k.
kEZ

There, A is the difference of energy between levels. Note that this Hamiltonian is not physically
possible to have, because it does not have a ground state (imagine the ball on the example
above falling without a ground, it would lose an indefinite amount of potential energy). Actual
batteries will be truncated at the bottom, but for simplicity we will for now study this case.

Also, we discretized the Hamiltonian here: for reasons that we will see ahead, ideally it
would be convenient to have A — 0 and pass to a continuous basis. However in practice it’s
easier to have better experimental control over discrete quantum systems than continuous ones,
in the same way that we use discrete bits to store and process information in computers, and
not analogous continuous systems.

In the ideal case where we have a pure state p, = 1) (], = |k)(k|p, we would have:

(Hp) = Tr(Hy py) = Tr(Hpl|k)(klp) = kKA

and variance (AH)? = 0. In a real situation, we usually do not have a pure state, but a mixed
state giving us a range of possible energy levels for the battery.

How can we use the energy stored in our battery? We will spend it to implement quantum
operations in other systems, much like there are schemes to convert potential gravitational energy
(for example of the water in a dam) into electricity or other useful forms of energy. To see this
in a simple example, take a composite system:

H=HsH,

where Hg is a qubit, and Hy is the battery we discussed above. In particular, the Hamiltonian
of the qubit will be:

Hg = 0[0){0] + e[1){1] = e[1)(1
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which means that the state |0) has the lowest energy 0, while |1) reaches an amount ¢ of energy.
Thus, the Hamiltonian of the composite system is given by the sum of the two:

H=Hs®1,+1s® H,=¢[1){(1|@ L, + 1g ® Y _ kA |k)(k]|.
keZ

Now we want to understand how the battery and the qubit exchange energy. First we will
impose a constraint: that the system is isolated, that is, we don’t allow for energy exchanges
with the environment. In practice this means that the energy inside the system is conserved, so
that we can keep track of the internal energy flows between the battery and the qubit. For an
analogy, if you want to keep track of the money flows between two Monopoly players, you can
demand that they can only exchange money with each other, and not take from the bank.

What does “conservation of energy” mean in mathematical terms? We must demand that
any evolution Ugy, on the joint system commute with the total Hamiltonian,

[U,H] = 0.
This implies conservation of energy since:
(H)y,ut = Te(HUpU')
= Tr(UHpUT) U, H commute
= Tr(HpU'U) cyclic property of trace
=Tr(Hp) = (H),

Let us see an example state |¢)) = |0) ® |k), i.e. S is initially in its ground state, and the
battery has energy kA. If we want to implement the Pauli bit-flip gate Xg, which switches the
qubit from |0) to |1), we must transfer a quantity € of energy from the battery to S, i.e. the
battery will lose

C]:Z

levels of energy. Vice versa, if we want to switch a qubit from |1) to |0), the energy e returns to
the battery, which regains ¢ levels of energy. The evolution U we need to implement is:

= [0) (1@ > [k +a) (k[ + [1)(0] @ D [k — q) (k]
keZ kez

This is a way to implement the gate X that (ideally) preserves the energy:
(1) ®[k)) =
(I ®[k) =

The initial energy of the qubit can be computed using the partial trace:

Hs ® 1y |9)(¥])
Hg Try(|1)(4]))
Hg|0)(0])
e[1){1]0){0]) =

while <Hb>|1/’> = kA, as we already derived above. The total initial energy, is:

1)@k —q)

U(] |
U(] 0) @ |k +q)

(Hg)l") = Tr
Tr
Tr
Tr

o~ o~~~

(HYV) = (Hs @ 1, + 15 @ Hy)
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Figure 13.2: Implementing the X gate on a qubit using a battery. The inputs are |0)s ® |k)p
and |1)g ® |k) g respectively.

= (Hs® 1p) + (1g ® Hp) linearity of expectation
= Tr(Hs @ 1p|¢) (¢[) + Tr(1s @ Hy|¢) (1)

= (Hg)¥) + (H,)1¥

=0+ kA =kA

On the other hand, if p' = Up)(¢|UT = |1) @ |k — ¢) is the state after the evolution U:

/

(Hs)” = Tr(Hsplg) = Tr(e|1) (11)(1]) = «
(Hy)? = Te(Hyph) = Te(Hy|k) (k) = Alk — q) = kA — ¢

and, by the same derivation as above, the total energy in this state is still given by the sum
(Hg)? + (Hy)? = e+ kA —e = kA, which is coherent with the fact that the energy is conserved.
These evolutions are depicted in Figure 13.2.

Now, if we wanted the battery to be compatible with many different systems (like more
qubits S, S2, S3, etc), we would need A to divide all the energy gaps in the Hamiltonians of
those systems. This would mean that for each transition that we wanted to implement in the
systems, there would be an integer number of steps in the battery that we could move up or
down. The simplest way to achieve this (if we don’t have much control over the Hamiltonians of
those systems) is just to make the energy gap of the battery very small, A — 0, which is why we
said above that it would be convenient to go to the continuous limit of the Hamiltonian of the
battery. In practice, for a given implementation of a quantum computer, it’s more realistic to fix
a small but finite A for the battery and demand that all the other subsystems have Hamiltonians
compatible with that (much like we can fix the shape of the USB port and just demand that all
devices be compatible with it, instead of building adaptable chargers).

13.3 Thermodynamics and computation

We now turn our attention to more sophisticated questions, for example:
e Must computers always heat up (i.e. dissipate energy)?

Maybe a more accurate question is: how much energy does a computer need to dissipate in order
to carry out some sort of computation? For this consider a quantum computer, in particular
a qubit: what is its Hamiltonian? In general it depends on the implementation, but consider
the simplest case, which is H = 0. This means that the states |0), |1) have the same energy
level (and as a consequence, so does any superposition/mixture of them). This situation is said
to have degenerate energy levels, which means that the two eigenstates of H have the same
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eigenvalue or, for linear algebra fans, H is congruent to the identity 1. Such a situation is still
possible (recall the example of the quantum cavities we mentioned in Section 10.1), although
it requires non-trivial physical evolutions to pass from one state to another.

In this case, notice that any evolution Ugy, = Ug ® 1, (in the case of qubit and battery)
commutes with the Hamiltonian Hg of the qubit (and thus, with the total Hamiltonian):

[Ugp, H = [Us @ 1y, Hs @ 1p] + [Us @ 1p, 1 @ Hy) linearity of commutator
=[Us ® 1y, Hg @ 1] non-interacting operators commute
=0 since Hg =0

This means that any Ug can be implemented “for free”, meaning that, using this degenerate
Hamiltonian with the qubit-battery construction we discussed in Section 13.2; the battery will
not lose energy by switching the state of the qubit (i.e. € = 0). Of course, this does not mean
that computation in the practical sense will be completely conservative with respect to energy:
we may have energy dissipations for clocks and control systems of the gates. But, excluding these
technicalities, we can say that the term reversible computation used in quantum computing,
not only comes from the fact that transformations applied by quantum gates are invertible, but
it also refers to the thermodynamical definition of reversibility, i.e. conservation of energy. We
will later see that these two notions are the same.

What about irreversible computation? What we mean this time is just computation of a
non-invertible function, such as logical AND and OR’. It turns out that any integer function
on n bits,

f: {0,1}" — {0,1}™

z— f(z)
can be implemented with a reversible quantum circuit, which will have the form:
|z) n - ) » — nz)
.I.
Uy Uf )
wm— = efa)m—— = @) f(@)n=ym

where @ is the bit-wise addition. The unitary U; acts on the full input (an n-qubit register)
and an auxiliary m-qubit system, linearly as Us(|z)n @ |Y)m) = |2)n @ |y ® f(z))m. Often we
have y = 0, so that the second register has directly |f(z)),,. You can check through a quick
calculation that U} =Uy.

For example, in order to make a reversible AND gate, we need three qubits in total (two for
the input x = (a,b) and one for the output f(z) = a-b. The gate Uanp that achieves this is
called the Toffoli gate, as is essentially a CCNOT.

|a)[b) — — |a)[b) — —  |a)[b)
UAND UAND
ly) — — [y@(a-b) — —  lye(a-b)® (b)) =y

10We talk about boolean functions with respect to a fixed a basis of the Hilbert space: for example, an AND
expressed in the computational basis may not necessarily act like an AND with respect to the Hadamard basis.
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After we apply Uy once we have the outputs |z),, |y® f(x)) as above we might want to store
the latter, while the former can be discarded, using a procedure of erasure, which disentangles
the qubit from our output and safely brings it back to, say, state |0). This is analogous to
wanting to reformat a hard-drive when you no longer need what is stored there.

Other examples of irreversible computation include measurements, and also here we can
expand it as a CNOT gate as shown in the figure below, in order to move the state to the second
qubit, while the first qubit can be erased like in the implementation of the AND above.

|¢)) ———e— Erase — |0)

0) —&——~]

In general, we can schematize an irreversible operation as a TPCPM &, consisting of a
reversible operator acting on the input and an ancillary state (in the same way we did in Section
11.9), followed by an erasure operation p — |0).

Tre (Uac(pa © [0)(0c)Uke)

Erasure operations. Consider a classical example: we have a bit string s of 10 bits, and we
want to reset it to all zeroes

0117010077 — 0000000000

The problem is “easy” within certain limits: we flip whatever bit is set to 1 and this is still a
reversible evolution, but what about bits marked as 77 They are unknown bits, and if we set
them to 0, we incur a cost C, i.e. by erasing a string s we incur a total cost of:

C - H(s)

where H(s) is the number of unknown bits in s, also known as its entropy.’’ In other words,
H(s) is the “amount of randomness” contained in s. We will elaborate on this “cost” and the
definition of entropy later. Let us look at a quantum counterpart now:

ps = |0)(0] © [1)(1] © p3 @ [1)(1]

In this case, the reversible evolution is given by 1 ® X ® 1 ® X, where X is the Pauli matrix.
All we are left to do is to apply some erasure protocol in order to transform ps — |0)(0].
Consider the simplest example where p is the fully mixed state 1/2:

o= DL

This state cannot be transformed into |0) with a reversible evolution U: this would imply that
both U]0) = |0) and U|1) = |0), i.e. the transformation is not even injective.

13.4 Landauer’s principle

Before trying to find a way to physically erase information, however, we need to clarify what
the “cost” we defined in the previous section is: the following gives us a clear definition of
what we lose after an irreversible computation, and also creates an important bridge between
thermodynamics and information theory.

ISee Section 13.12 for a proper definition of entropy. The concept of entropy is treated more thoroughly in
the QIT and AT QIT courses.
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Battery

Figure 13.3: Encoding of a bit as perfect gas in a box.

Principle 13.1 (Landauer). Erasing one bit of information in an environment of temperature
T releases an amount of heat:

AFE =kpTIn2

*23% is Boltzmann’s constant.

where kg ~ 10

To give an intuition about Landauer’s principle, consider a bit encoded as depicted in Fig-
ure 13.3. We have two cells representing the states 0 and 1 respectively, and these cells may be
filled with (perfect) gas: if the gas is all in the left cell, then we say that the bit is in state 0,
and on the opposite case we say that the bit is in state 1. If the bit has an unknown value, then
we can see this situation as the gas being distributed in the two cells. In order to reset the bit
to, say, 0, we need to compress the gas, and this takes us some work due to the pressure of the
gas. By the law of perfect gases, pV = nRT, one can see that the pressure p applied by the gas
on the walls of the cell increases linearly with its temperature 7" intuitively, pushing some gas
with a piston becomes harder and harder, as the volume V of the gas decreases.

13.5 Heat baths and temperature

Consider a classical example: a cup of coffee at temperature 7" in a room filled with gas at
temperature T'. Traditional thermodynamics tells us that if we leave the cup in the room for
long enough (and the volume of the coffee is negligible with respect to the volume of the room),
T’ will eventually tend to T, i.e. the coffee will reach the room’s temperature. In other words,
the cup of coffee will be thermalized, and this type of system is what we call a heat bath.
We observe that heat baths alone are useless: the evolution of the system is irreversible and we
cannot extract work (i.e. energy we can use) from it.

.

—_J

Classical thermodynamics usually models a complex system like a gas consisting of many
particles, which may have different velocities and energies, with macroscopic quantities involv-
ing some statistics, like temperature and pressure. Before continuing we give an operational
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definition of temperature: we look at a heat engine, which is a system composed of two heat
baths, one at a high temperature Ty, and the other one at a lower temperature T¢:

Ty |

Qn

Qc

| Te |

Thermodynamics tells us that, due to the difference of temperature, we have a flow of heat
between the two baths (since the two temperatures will tend to become equal): the heat engine
can extract some work W from the heat QQzr coming from the hot bath, while the rest of the heat
Q¢ reaches the cold bath. A bit of notation: we use @) to denote heat, and W to define work, but
keep in mind that they are both energies and are measured in Joules [J]. A practical example
of heat engine is the steam locomotive of a train: the hot heat bath is created by burning some
coal, while the cold bath is the external air. The work extracted from the engine is transmitted
to the wheels.
By conservation of energy we have that:

Qu=W+Qc =W =Qu —Qc
and then we can define the efficiency of the engine as follows:

w

— <1
Qu —

’)7:

We call an engine S reversible if we can construct an engine S’ that reverts the process, giving
the heat back to the hot bath, if we give it the same work we extracted from S:

| Ty |
Qu lQH
W — W
o e
| To |

One nice property of reversible engines is the following:
Theorem 13.2. Reversible engines between two given heat baths all have the same efficiency.

Proof. Suppose for a contradiction that we have two reversible engines A, B with efficiencies
na > np. We use these two engines as follows:
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Qc

| Te |

"
Qu Qu

Wg —> W4
o]

This scheme tells us that we introduce some work Wpg and extract some other work Wy.
The difference between these amounts of work will be:

AW =Wy —Wpg
=naQu —neQu definition of efficiency
=Qu(na—ng) >0

which means that we constructed an engine which gives us free energy, i.e. a perpetual motion
machine. Contradiction. O

Now consider three baths, at temperatures Ty > Te > Ty

| Ty |
Qu

Wa Qn
Qc Y
(©)—we
Qc

Wg —» Qr
Qr !

Threy

We add three heat engines: one from Ty to T, giving us some work Wy; one from T.r to T¢,
absorbing some work Wp; one from Ty to T;..f, giving We. For simplicity we set Trcp = 1 [K].
By conservation of energy we have:

Wa=We—-Wp

One can check that this also holds from the definitions of heat engines:

Wa=Qnu—Qc
Wg=Qc—-Qr = Qu—Qc=(Qn—Qr)—(Qc—Qr)
We =Qn —Qr

We define the amount of heat @) as a function of the temperature:

Q=Qr f(I)=Qr-T
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Notice that we can define f(7') := T for convenience because we have not defined what the
temperature exactly is yet. Thus, from the definitions

We=Qu—Qr=Qr(Tu —1)

Wp =Qc — Qr=Qr(Tc — 1)

Wa=We—=Wp=Qr(Tnu —1) - Qr(Tc — 1) = Qr(Tu — Tc)

At this point, we have an expression for the efficiency of engines A, C:

Wy Tuy—-T1c
A= = —
g Qu Ty

7W07TH—1

nc = 5—
Qc Ty
Hence we found a definition for Ty:
1 1

Ty = =
l—nc 1-n

and 7 is uniquely defined by Theorem 13.2 as long as we take a reversible engine for C.
We derive the following conclusions:

e For every reversible heat engine between two temperatures Ty, T¢:
. W Ty -—Tc
Qu Th

e The temperature of a bath can be defined by setting Tc = 1 [K] in a reversible heat
engine, at this point we have:

e We cannot extract energy from a single bath. A single bath can be seen as two baths of
the same temperature T', and the efficiency of any heat engine acting on these two baths
would be:

i.e. no work is extracted (this is called passivity).

13.6 Quantum thermal states

We need to translate the ideas we presented in the previous sections into quantum theory. For
this purpose, consider a Hilbert space H 4, with Hamiltonian H4 and a state 74 = 74(Ha, Ta).
We would like to build a (reversible) heat engine between two such systems H 4, Hp in states
TA(Ha,Ta), 78(Hp, Tp) with efficiency:

_ Tp—Ta

=

in particular, the efficiency should not depend on the form of the Hamiltonians, and it should

present the same behaviour as classical heat baths, which means that, for T4 = T, no energy
can be extracted.

n
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It turns out that all the properties we listed are satisfied by the following state:

1
TA(Ha,T4) = exp ( kBTAHA) /Tr {exp ( kBTAHA)

where kp is Boltzmann’s constant and the denominator normalizes the density operator, pre-
serving Theorem 11.1. This state gives a macroscopic view of the system, in a similar way
as we model systems in classical thermodynamics. Indeed, we never said that H4 was a single
particle: it can be an arbitrarily complex system.

If we write the Hamiltonian as:

Ha =) Eylk) (k]
k
then the density operator can be rewritten as:
1
A(Ha, T ZGXP <—Ek> |k)(k[/ Tr exp (_kBTAHA>

This form tells us that 74 is probabilistic mixture of energy levels: we have no superpositions
here. The term (k|7T4|k), which is the probability to be at energy level k, is called population
or occupation of the level.

Let us introduce two elements to simplify the notation:

e The inverse temperature 5 = kBiT

e The normalization factor, or partition function:

1
Z = Z(HA7TA) = T‘I‘exp <_I€BTAHA) — Ze—Ek/kBTA
k

With these two terms the expression for 74 can be simplified:

l e PHa

A=

We do some other important observations, which may be useful later:
o If T"— 0, i.e. we tend to the absolute zero:
TA(Ha,T) — [0){0]

which means that the state tends to the lowest energy level. This can be seen by looking
at the decomposition above, since

e BEL — o (e—ﬁE())
for all k > 0.

o If T"— oo, then all the exponentials tend to 1, and in particular the state tends to be fully
mixed:

Ta(Ha,Ta) = ch (k| =1/Z
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e States with T' < 0, although they are not physically realizable, are said to have population
inversion and we may want to engineer them, as they have high energy; for example we
will see ahead that in heat engines there is a “virtual qubit” with T" < 0, and this “negative
temperature” characterizes the performance of the engine.

Some applications of these thermal states include:

e Quantum chemistry, where one has to find low energy eigenstates, which can be used
to approximate 7 at low temperatures, allowing to model the behaviour of the molecules
of materials. This is important in nitrogen fixation, i.e. building fertilizers for soil, and
in building pharmaceuticals.

e Adiabatic quantum computing, where we encode a problem with a Hamiltonian H
that can be decomposed into local Hamiltonians. For example, consider 3SAT, a well-
known N P-complete problem in computer science: we have a formula in propositional
logic in conjunctive normal form with exactly 3 variables per clause

(.%'1V%Q\/i‘g)/\(.ﬁi’g\/f4\/$5)/\'“

and we want to know whether there exists an assignment of the variables z1,...,z, that
satisfies the formula. We can encode this clause with a Hamiltonian and decompose it
into a sum of operators regarding each of the clauses. At this point we need to evolve
the system be tweaking the Hamiltonian over time in some way and look at the energy
eigenvalue (H)7, which tells us whether a satisfying assignment exists or not’~.

Properties of a thermal state. Here we show some interesting properties of thermal states.

Theorem 13.3 (Composability). If a system of non-interacting subsystems is in thermal state,
then each of the subsystems is in thermal state.

Proof. Let H be the Hilbert space of the whole system:
H=H1® - QH,

and suppose we have a thermal state:

r(T) = 5 exp (-6H)

Since the subsystems are non-interacting, we can decompose the Hamiltonian H:

H= 119 90L10H ol - 0l,
i

A+B _ ,AB.

These terms pairwise commute, thus we can use the property of the exponential e
1
m(T) = 7 &XP —5;11®---®ﬂ¢71®Hi®]1i+1®--.®11n
1
- EHGXP(*BL@H'@L%®Hi®]li+1®"~®]ln)
(2

°Tf you are wondering about this: no, this does not give us a model of computation that solves 3SAT in
polynomial time, as H can become exponentially large.
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1
=Sl (L@ @Lia@(-fH) @ Lin @ - © 1)
A

11
:EHZg(h@“'@ﬂi—l®(—BH1~)®111-+1®---®]1”)’“
i k=0
> 1

:;H<11®...®ﬂi_1® (Zk'(—ﬁj—[z)k> ®]li+1®"'®]ln>

1
=ZJh@ @l @exp(-BH) @ Liy1 ® - @ 1n)
%

— L exp(~BH) - @ exp(~BH,)

We found that the state is decomposed into single thermal states. O

This argument can be extended with an approximation for weakly interacting subsystems,
but we redirect to the course Advanced Topics in Quantum Information Theory for this result.
Another important property of thermal states is typicality.

Definition 13.4 (Typicality). A Hamiltonian is typical if any pure state tends to a thermal
state upon evolution after a sufficiently large time, i.e. if the evolution is:

it
w(6) = exp (~ 3 1) 100)
Then we have that most subsystems appear thermalized:

ps(t) = Tr([v (@) (¥()]) — 7(Hs, T)
for H=Hs @ Hg, dmHg < dim Hg.

The last assumption about the dimensions of the Hilbert space means that we are looking
only at a small portion of the system (for example, a few particles of the gas), and we see it
tending to thermalize. This property is very common in “natural Hamiltonians” such as gases,
liquid, metals, and in general systems with many local interactions. We refer to Section 2 of
Brunner et al. [2| for some discussions about typicality.

The third property is complete passivity.

Definition 13.5 (Complete passivity). No work can be extracted from a single heat bath, i.e.
a state of the form:

TA(HA,T)(X)TB(HB,T)@"'

This property closely resembles the idea we mentioned earlier in classical physics, when we
said that there is no flow of heat between two heat baths at the same temperature. A deeper
analysis of this notion is treated in Advanced Topics in Quantum Information Theory.

13.7 Thermalization of a qubit

How can we model the thermalization process of a small system in contact with a large environ-
ment? If we know the global dynamics and global initial state we can represent the full evolution
as ps(t) = Tre(Usg(t)pse(0)UsET(t)). In practice, this is usually hard to compute, and we
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can instead use what we've learned about open system dynamics do design a Lindbladian that

models the local effect of the global evolution.

Consider a qubit with Hamiltonian Hg = E|1)(1], i.e. the state |1) is at energy level E, in

a generic state p:

ps(0)

€00
€10

_ Co1
C11

We will set up two Lindblad operators:

e L; = a\|0)(1], which promotes the transition from |1) to |0),

o [y

where A again influences how fast the evolutions will be and «, § are parameters we will set
later. Notice that having only one of them would give us a situation similar to what we found

= BA|1)(0|, which promotes the transition from |0) to |1),

in the example of Section 12.3. Hence, we can rewrite the Lindblad equation:

Let us consider the three terms separately, starting from the commutator of p and the Hamilto-

dp 1
U = _
nian:
1 FE
—|H, = —[|1)(1
i Hspl = 1111,
_E((00
~ ih 0 1
_E 0
ik c10

1
5 {L1Ly + LiLa, p} + LipLy + LipL,

coo Co1 \ [ oo cCo1 00
C10 €11 Cl0 Ci1 0 1
0 _ 0 Cco1 . E 0 —Co1
C11 0 C11 o ih C10 0

The anti-commutator in the second term gives us:

1
S{ElL + 1L 0} = 5 {L Ly, p} + {LiLa. p}
1
= 5 {laPX 1) (010) (1] + 1B2X*[0) (1|1 (0], p}
1
= 5 {laPX )l + [81°2%10) (0], p}
1 ’5‘2)\2 Coo Co1
2 0 ’01‘2)\2 ’ Ci0 (11
_ 1 \5|2/\2 oo Co1 +} o0 Co1
2 |O(|2)\2 C10 €11 2 Ci0 (11
_ 1 Coo|5’2)\2 co1| B N2 —1-1 182X %co0  |al*A%cor
2 Clo‘a‘QAQ Cll‘a‘QAQ 2 ’,3’2)\2010 ’Oé’Z)\ch
182X2¢00 |0¢|242r|,3|2 A2¢o1
M)\cho ’04’2)\2611

Finally, the last term simplifies to:

LJ{le + L opLo =

[ 22%]0) (L]p[ 1) (0] + [BI2A*[1){01|0) (1|
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= |a*Ac11]0){0] + | B1*Acoo[1) (1]

. ’a’2A2611 0
B 0 |B12A g

Putting everything together, the Lindblad equation becomes:
2 2
@ - E 0 —co1 _ |25‘2)\22000 lol7HIA1% J2r|5\ Mgy I |Oz|2>\2011 0
dt th \ cio 0 %)\2610 ‘Oz|2)\2011 0 ‘6|2)\2000
2 2
[ el en = [BPA%coo (-MV - %) co1
- 2 2
(_|a| J2r|5\ A2 4 %) 10 |5|2)\2000 _ |Oz|2)\2611
This gives us a linear system of differential equations:

e — |a2X2¢;1 — |82 A 2eqo

deor _ (_lal®+18%y\2 _ E
a = 5 A ih ) €01
d al>+[81%2y2 | E
fﬁo:(_‘ | 2\ 2\ +E) ¢

den — | 812 X\2cop — | A2eny
Notice that the equations for cy1, c19 are self-contained, implying they yield exponentials:

2 2 Et )
601(t) — 001<0) exp <—W)\2t _ m) — COI<O) 6_)\2(\a|2+\[3|2)t/261Et/h

2 2 Et )
c10(t) = c10(0) exp <_W|J2F|5| A2 4 ﬁ) _ e1p(0) e~ H8PI 2B/
1

and one can see they both tend to zero as t — o0, since they are exponentials with negative real
part. Now we need to solve the equations for cgg, c11:

d [ coo o[ =B el €00 24 coo
dt ( 1 B> —|af? 1 11
The solution of a homogeneous linear system of differential equations is the exponential of A:
coo(t) Y _ x2ar ( coo(0)
=e
Cll(t) 011(0)
We can simplify the solution above by computing the eigendecomposition of A (we obtain the
decomposition of AX?t by multiplying the eigenvalues of A by A\%t, why?):

0 JaP [ leP=182 0N 1 o2\
A‘(—l |/3|2>< 0 0)(—1 W) —upu

One can check that this is indeed the eigendecomposition of A. The general integral of the
differential system hence becomes:

coo(t) | _ A2Dtyr—1
(Cn(t)>_(00 C’l)Ue U
ozt [ |al? (a4 |1
= C(]e ‘/3‘2 + Cle « 1
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CO’C“P _|_ Clef)‘Q(‘aP‘HﬁP)t
~\ GlB? = Cre N lal+BR)

Let us put everything together and let ¢ — oo:

C(]|a|2 + Cle—)\2(|a‘2+|ﬁl2)t 001(0) e_)\2(|a|2+|ﬁ|2)t/2eiEt/ﬁ
PO =\ y0(0) ¥R 2= n Gl g2 — Gyl

N C()‘OC‘Q 0
0 Colp

If we impose the state to converge to a thermal state, i.e.:

Cola> 0 1 1 (1 0
( 0 ColB|? —T(HSaT)—Z 0 e—E/kT

Then we set |a|?> = 1, |3[> = e #/#8T while the constant Cy of the general integral is set to:

1 1 1

C:—: =
T Z 14 e BT T [a2 4+ |52

Keep in mind that these constants can be changed (a, [ are the coefficients of the Lindblad
operators, Cy is the constant of the general integral) while obtaining the same result at t — oc.
The other constant C; can then be determined by plugging ¢t = 0:

fmO=b2%  —{oTmie
011(0):%—01 Clze ZB —611(0)

One can see that these two conditions on C are linearly dependent, as cpo(0)+c¢11(0) = Trp = 1.
Hence, the final solution is:

1 1\ A2 —A\2Zt/2 iEt/h
p(t) = 2 (000(0)2 Z) é ~E/kgT o (0) ‘ —i/kBT 2
c10(0) e~ A2Zt/2,—iEt/h e LLEN (011(0) _ e ) A

when choosing the following Lindblad operators for the evolution:

Lo = |0><1|¢
Ly = e B/2RET)1)(0).

13.8 Heat flow between two baths

Let us look at how we can formalize the concept of heat engine in quantum thermodynamics.
First we will start with a toy example, where we just have a cold qubit connected to a hot qubit,
and we observe the heat flowing between them. Further ahead we will add other ingredients to
build heat engines and quantum fridges.

Consider a 2-qubit system H = H; ® Ha, with total Hamiltonian:

H=Hy+ H;y,;
Hy=H1+1® Hy,=E|1){1|®@1+1® E|1)(1]
Hip = (|10)(01] + 01)(10])
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Let us analyze this Hamiltonian: Hy gives a non-interactive contribution, when each qubit has
energy F in state |1) and zero energy in state |0). The form of the interaction Hamiltonian, on
the other hand, hints us that, when the first qubit switches from |0) to |1), the second will go
from |1) to |0) and vice versa. The term 7 basically determines how fast this interaction evolves
(indeed it will appear at the exponent in the evolution operator).

Now suppose that the two qubits are at temperature Ty, T respectively, with Ty > T¢.
This means that, since:

P(1) x e E/ksT

the first qubit will be in state |1) with higher probability. Thus, if we let the system evolve for
some time, the second transition (the one identified by [01)(10|) will be more likely. In other
words, we will have a flow of heat () going from the first qubit to the second, which makes sense
since the two qubits model a hot and a cold bath respectively. Let us do some computation to
have a more concrete idea of the evolution. We rewrite Hy:

Ho=E(1)(1]® 1+ 1 [1)(1])
= E[1)(1[ @ (10)(0] + [1){1]) + E(|0){0] + [1)(1]) @ [1)(1]
= EJ10)(10| + E|11)(11] + E[01)(01] + E|11)(11]
= 0]00)(00] + E]01)(01| + E[10)(10| + 2E[11)(11]

which is something we could expect, since each qubit in state |1) adds E to the total energy of
the system. Our initial state p(0) is a product of two thermal states:

p(0) = 7(H1,Ty) ® 7(Ha, T¢)

1 1 1 1
S - H) @ —— - H.
Zu P < kpTy 1) ® Zc P ( kTc 2)

1 _ _

= 77 (1000 + e M1y (1)) o (Joy0] + e~ /4T 1) (1))
1 _E/kpT, _E/kpT, _E(k g )

= ——— | [00)(00] + e™#/F#HH10) (10] + e H/EFTC|01)(01] e\ BT EETE 1111
H4C

This density matrix has the same eigenbasis as Hy, thus they commute, [p(0), Hy] = 0. Moreover,
[(Hint, Ho] = 0.

In order to see what happens in the first moments of evolution, when we disconnect the two
qubits from the respective baths and let them evolve under the joint Hamiltonian, we apply the
Schrodinger equation for mixed states of the previous chapter, Eq. 12.1,

P 1, p(o)

We will see that as time passes, the commutator will change, making this differential equation
cumbersome to handle analytically — and is in fact more sensible to solve it numerically. Here
we can solve it “numerically by hand” by evolving the density matrix through two small time
steps. This is not necessarily the most elegant to do it, but it suffices to give us an intuition.
After this we briefly discuss the long-term behaviour of the system.

For a very small time interval § — 0, we can approximate the derivative to first order in
time with

p(6) = p(0) _ dp(0)

~

0 dt
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7

1. (0)

7
= —ﬁ[Ho + Hine, p(0)]

1

= =7 | Ho, p(0)] +[Hint, p(0)]
=0

We are left to compute the commutator [Hins, p(0)]. This can be done directly in either Dirac

or matrix notation,

000 0 1 0 0 0
0010 0 e E/kBTH 0 0
[Hzntap(o)]_ZHZX 0100 ) 0 0 e—E/kBTC 0
00 00 0 0 0 e~ E/kp(1/Ty+1/Tc)
00 0 O
_ 1 —E/kBTH —E/k;BTC 0 O -1 0
T ZnZx yle —° o1 o0 o
=N 00 0 O

Plugging this into the previous expression, we obtain

0 0 00
ion [ o o 10
0

0 0 0
1 0 0 0
1 0 e B/keTu o0 0
T ZpZc | 0 —B1 o~ ElksTe 0
0 0 0 e~ E/kp(1/Tu+1/Tc)

After this small time step, the reduced states of the individual qubits have not changed
yet,’? but there are already changes in the global state — hidden as correlations between the
two qubits, and found in the off-diagonal terms of the global density matrix.

Evolving this state by another small time step ¢ will already show changes in the reduced
state of each qubit. We start again as

p(20) — p(6) _ i
0 h

This computation is slightly more involved, as the density matrix is not diagonal, and better
solved by computer. We have uploaded a Mathematica notebook that does precisely this on
Moodle. It takes two time steps to see that some energy transfer from the hotter to the colder
qubit (in standard thermodynamics this is called a heat flow). This is computed by evolving
the global state, taking the partial state to find the reduced state of the first qubit, and then
computing its average energy via Tr(H; p1(26)), or alternatively by evaluating the local energy
directly on the global state, Tr(H; ® 12 p(29)), which as we saw, yields the same result.

What happens after a long time? Intuitively you may think that if you bring a colder body
in contact with a hotter one, they will eventually equilibrate at the same temperature. However,
in the case of very small quantum systems like two qubits, the dynamics will never equilibrate,

[H, p(6)]-

%You can check that pi1(8) = Tra(p12(8)) = p1(0) = 7(H1, Tr) through a direct calculation.
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and instead keep cycling back to the original state periodically. The evolution of the local energy
of the two qubits is depicted in Fig. 13.4.

1457
140f
1.351
1301 \
125}

120

L L L L L
115+ 200 400 600 800 1000

Figure 13.4: Evolution of the local energy of the first (blue) and second (orange) qubits under
Schrédinger evolution, without dissipation. Here we can observe a cyclical behaviour called
recurrence or ergodicity — as we have unitary evolution in a very small system, there is no
long-term equilibration. This plot can be reproduced in the Mathematica file found on Moodle.
For simplicity, we gave arbitrary, non-physical values to all the constants like & and kg.

The intuition of why this happens is that once the hot qubit gave most of its energy to the
cold one, the latter is effectively hotter, so the heat starts flowing in the opposite direction. To
make this more precise, we can check the populations of the cross levels for the initial state:

_ _ 1 —E/kpT,
— _ 1 —E/kpT,

For the transition |10) — |01) to be favoured (that is, energy flowing from the first to the second
qubit), we need:

P (10) .0 > P (01) )

which is true if and only if Ty > T, as expected (in other words, if if the first qubit is actually
hotter). Once these populations are reversed, the opposite transition is favoured.

This phenomenon of an evolving system returning periodically to its initial state is called
ergodicity. The rough idea is that for a simple enough Hamiltonian there will be a time ¢ such that
et 1, and so cyclically, eint ei%(t_”f), n € N. For a computer science analogy, you can
think of cellular automata: if your state space and the update rules are complex enough, a system
can achieve non-trivial evolution (like in Conway’s game of life, which is even Turing-complete),
but if you create a very simple 1D automaton you can easily reach an oscillating structure whose
behaviour loops on itself (more generally, think of Wolfram’s Class 2 automata).

So how could we recover the classical behaviour of larger systems that equilibrate? For this
we need to recouple each qubit to the respective heat bath, at temperature Ty and T, We model
this through a Lindbladian, so that the evolution depends on both the internal Hamiltonian and
the coupling to the baths. Depending on the relative weight of the Lindblad operators relative
to H we may see more or less of the equilibration at the midpoint temperature.

Following what we’ve seen in the previous subsection, we will need two Lindblad operators

to thermalize the hot qubit, and two for the cold qubit:

Log =g |0)(1]|g ® 1¢,
Lig = A e B28TH]1) 0|y © 1¢,

133



200 400 600 800 1000

Figure 13.5: Evolution of the local energy of the first (blue) and second (orange) qubits under
dissipative Lindblad evolution, where each qubit is coupled to a different heat bath. After a
first short equilibration period, the local energy values stabilize. This plot can be reproduced
in the Mathematica file found on Moodle. For simplicity, we gave arbitrary, non-physical values
to all the constants like A and kp.

LOC = )\C 1y ® |0><1|Ca
Lic = Ac 1y ®@ e B/%5Te|1)(0|c,

where the coefficients Ay and Mg determine how quickly the hot and cold qubits thermalize
respectively. For now we have no reason to wish one will be faster than the other, so we can set
A =Xo =\

The Lindbladian equation (Eq. 12.2) is now

dp i i 1 ! !

¢=H,C k=0 ¢=H,C k=0

which is slightly more complicated than the one of the previous section where we thermalized a
single qubit. However, the different terms can be easily computed in Mathematica (or equivalent
software) to find the long-term behaviour of the two-qubit system analogously to what we’ve
done before. The script can be found on Moodle, and the result in Fig. 13.5. There, we can see
that there is a short transient period followed by equilibration — but not at the same energy,
as each qubit is coupled to its own bath. Try playing with the coupling paremeter A on the
Mathematica script and see what happens to the final state.

As a side note, to achieve reversibility we need the energy to flow from one qubit to the
other, and not stay stuck in correlations or be dissipated to the heat baths; that is, we will want
that the total energy equals the sum of local terms. In particular this implies that whatever
energy is lost by the first qubit can be found in the second. In turn this implies Ty ~ T, thus
in order to have little energy dissipation we would like Ty to be “just a little larger” than T¢.
To learn more about this topic, see the paper by Brunner et al. [3].

13.9 Quantum fridges

Here we extend the ideas and computations above from two to three qubits, in order to create
a fridge. In Figure 13.6 we have three qubits, with a total Hilbert space H = H1 ® Ho ® Hs,
with energies in state |1) respectively Fj, Eo, F5 and temperatures 11, 75, T3, such that:

Ey = Ey+ E3, 13 >11,T
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Figure 13.6: A quantum fridge with three qubits. The red evolution cools the qubits 1 and 3
while heating the second one. The blue evolution reverses the previous one.

The first condition is needed to have conservation of energy, and we would like to cool down the
first qubit. The interaction Hamiltonian will be:

Hipy = [101)(010] + |010) (101

which means that when the second qubit goes from |1) to |0), the other two qubits must do the
opposite and vice versa (this is why the first condition guarantees conservation of energy). The
probabilities for the two states, by computations similar to the ones in the previous section, are:

- 1 —Ey/kpT:
P (Olo)p(o) = ﬁ e 2/kKB1L2

_ 1 - _
P(101)p(0) = o~ E1/kpTi ,—B3/kpTs

In order for the the transition we want (cooling first qubit) to be favoured we need:

—E1/kpTi —E3/kpTs — .—Es2/kpTs Ey E3 FE, FE +Ej3
e B/ e s/ > e P2/ = T + ?3 < ?2 = T
and, again, for the process to be reversible, this last constraint should hold with approximate
equality. The actual evolution of the global density matrix can be computed through the Lind-
bladian equation, analogously to the previous section. An example can be found on the Math-
ematica file on Moodle. As we can see in Fig. 13.7 the target qubit (the first one) cools down
after some time, stabilizing at a fixed temperature, which will depend on all the parameters of
the setting. You can also try to find the final state analytically by computing the fixed point of
the Lindbladian equation (that is a state that is stable under the differential equation).

13.10 Heat engines with battery

Now we would like to heat up (or cool down) a qubit as before, but this time we would like
to use a battery to store the energy, as depicted in Figure 13.8. Consider a Hilbert space
H=Hp ® Ho ® Hsz, where Hp models a battery with Hamiltonian:

Hy =Y Eik |k) (k|
k

i.e. the gap between energy levels is E1. The other two spaces identify two qubits with temper-
atures T = Ty, T3 = T¢ and energy gaps Es, E3 respectively. Again, we consider Fo = F1+ F3
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Figure 13.7: Evolution of the local energy of the target qubit under dissipative Lindblad evo-
lution, in a quantum fridge. The qubit cools significantly, equilibrating to a fixed temperature
after a while. This plot can be reproduced in the Mathematica file found on Moodle. For
simplicity, we gave arbitrary, non-physical values to all the constants like i and kp.
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Figure 13.8: A heat engine with two qubits and a battery.

and Ty > Te. The goal of this engine is to charge the battery. The interaction Hamiltonian is:
Hipe = > _ |k + 1)[01) (k[(10] + > |k — 1)[10)(k[(01]
k k

which is telling us that the energy either goes from the middle qubit to the other two subsystems
(E5 is split into E for the battery and the E3 for the rightmost qubit), or vice versa. The
probabilities of the initial state are, again:

1 _
1 _
P01y = 77 ¢ Es/kpTs

and, if we want the heat up transition to be favoured we need:

eB2/kBTe - Es3/kpTs T2 > Ts
Ey  Ej

Using this setting, we can also say something about efficiency: we know that, for the process
to be reversible, we need 5—22 o~ 5—33, and we schematize the energy in the battery as work W
(since we can actually use it). Thus, the efficiency is defined, as in the classical case:
UZKZ Qu—-Qc _Ex—Ey Th-Ty
Qu Qu ) T3
The first equality holds from conservation of energy W = Qg — Q¢, and the second comes from
the fact that g—g = % (as E9 is the energy coming from the hot bath, and Ej is the energy
going to the cold bath). The approximation on the right is implied by reversibility, and it also

gives us an optimal efficiency, i.e. an upper bound on the efficiency we can obtain.
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13.11 Erasing a qubit

We now have all the elements to implement our erasure operator. Suppose to have a system
composed by a qubit S in fully mixed state with the two states at the same energy level, a
battery with energy E, and a heat bath in thermal state 7(7"). The total state is:

1
p=75 ®|B)(E| @ (T)
Analogously to the classical case, we would like to obtain a state, following Landauer’s principle:
P =100l ® |E — kgTn2)(E — kgTIn2| @ 7(T)

i.e. we lose energy kg7 In2 due to information erasure. In reality, we will never obtain this
unentangled state, as real engines may leave some correlations, but the result will approximately
be the same.

In order to continue, we need to better describe the heat bath and its state 7(7"): we
decompose the Hilbert space of the heat bath in a product space of N + 1 qubits.

N N
Hir = Huy = Q) span{|0), 1)}

=0 =0

and the Hamiltonian of the system is the sum of local Hamiltonians, i.e. qubits are non-
interacting:

N N
Hy = Z lgo® - @11 QHy @11 @+ @1y =: ZHH,e @1y
=0 =0

where each local Hamiltonian is Hy = ¢+ A |1)(1|, which means that each qubit of the sequence
has a higher energy gap than the previous one. This allows us to schematize the heat bath in a
convenient way, so that, for any amount of energy the battery loses or gains we can adjust the
energy of the heat bath by looking at only one of the qubits. And in fact A is the energy gap
between energy levels of the battery:

Hy =Y k- A |Ep)(Ey]
keZ

This is a simplifying assumption since, as we already mentioned earlier, a real battery cannot
have an arbitrarily low energy (it must have a ground state), hence we are neglecting the lower
bound on the energy levels.

Now we need a valid interaction Hamiltonian: we will consider a setting similar to the one
of the fridge, where we have the two transitions between the states as in Figure :

|E)pl1)s|0) e <— [Er—e)5|0)s]1) i

where we want the transition from left to right to be more likely (i.e. we want to push the
state of the qubit S towards |0), transferring the energy of the battery to the heat bath). These
transitions can be summarized with the following unitary evolution:

UO =" (|1 Ese)s]1)510) 11,0 (Brlo(0ls (110 + | Ex)b|0)s|1) 0 (Erelo (15 (0] r0) © Lpr—e
kez

+ 1, ® (]0)s]0) 11,6(0] (O] e + 1) 5|1) (L] s (1| ) ® Lo
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Figure 13.9: Qubit erasure using a battery and a heat bath: the red transition discharges the
battery, erases the qubit in S and excites the qubit in the heat bath; the blue one, cools the
heat bath, sets the qubit of interest to |1) and charges the battery.

One can see that [UY), H] = 0 (convince yourself!) and indeed, since qubit S has the same
energy level for the two states, this transition conserves the energy.
Let us analyze the first interaction U"). We have an initial state:

1
p = |Eo)(Eo|p ® 5 ® 7(Hy,T)

Ls
= |Ep)(E — Q@
Bl (Eoly ® 7 © 7
1

1,

0)(0] + e~ 2/FeT 1)1 )

Observe that in the line above e 2/k8T < 1, thus the transition that heats the bath and erases
the qubit (]01)(01]) is favored over the one that goes in the other direction (|10)(10|), as desired.

The evolved state can be computed as usual (note that U = UT). Moreover, only terms with
|Ep) will remain, the others will cancel out.

ol =UpUT
_ 1 —AJkgT
= 57 1E0)(Eol ® (100){00] + [11)(11]e~4/5T)

LBy (B @ o)1)

1 -A
By \(E 10)(1 /ksT
+ 22\ 1)(E1| @ [10)(10[e + 57

And, if we compute the partial trace:

py, = Trsu (o)
_ §|EO><EO| Tr (100)(00] + e=4/50T11)(11])
b 5| B) (B Tr (2557 10)10])
N %yE_ﬁ(E—l\ Tr (|01)(01)
S B (B

We found that there is a certain probability that the energy of the battery either goes down or
up by one level. Let us see what happens to the qubit S:

_ ~a/kpry y L ~A/ksT
= 57|10} (Bol (1+e ) + 57| B0 (B e +

ps = Trpm (p')
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= 5 10)0ls Tr (1o} 0} (0] + [ B-)]1) (B 1] (1)

+ 5 11 Tr (/85T B 1) (Bol(1] + e=2/487 | 21) 0) (0]
1 I

= Z10)(0] + e /=T 1)

Notice that this state is exactly the state of the qubit of the heat bath had before the trans-
formation. This means that, during this process, the qubit of the heat bath and the qubit S
swapped their states, and one can appreciate the fact that pl is not fully mixed anymore, as it
is tending to the pure state |0)(0|. If we repeat these calculations with the other qubits in the
heat bath (i.e. U (f)), which have higher and higher energy gaps, we make .S closer and closer to
10)(0].

13.12 Entropy

We close this chapter by giving the definition of a notion that is heavily used in thermodynamics
and information theory: the entropy.

Definition 13.6 (Information-theoretical entropy). Let X be a random variable defined over a
probability space (Q, F, P). The entropy H[X] of X is defined as:

H[X] = —E [logy px (X)]
where px (x) is the probability density function of X.

The entropy is measured in bits (because of the base 2 of the logarithm), and in some sense
it measures "how much" the random variable is uniform in the space. Here are some examples:

e If X is constant, i.e. it has a value ¢ with probability 1, the entropy is:
HX]=-P (X =c¢)logy P (X =¢)=—1logy1 =0
in other words, X carries out zero bits of information.

e If X is taken uniformly at random in {1,...,n}, then its entropy will be:

H[X] = —Xn:P(X =1)loga P (X =1i) =logyn
i=1

or, in other words, X has maximum entropy, giving logs n bits of information. Indeed, if
n = 2%, the random variable can be seen as k bits chosen uniformly at random.

This definition can be extended to the density matrices we gave in Chapter 11, which are nothing
more than distributions of states in a Hilbert space.

Definition 13.7. Let p be a density matriz representing a mixed state in a Hilbert space H
with eigenvalues p1,...,pn. The entropy carried by p is defined as:

Hp] = =) pilogy pi
)
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One may ask: why is it necessary to use the eigenbasis? A density matrix can be decomposed
in different convex combinations of states in general. What is so special about the convex
combination given by the spectral decomposition is that the states of the combinations are the
eigenstates of p, which are pairwise orthogonal (p is Hermitian!). This means that, taken any
orthonormal basis for a measurement, the distribution defined by p1, ..., p, does not have any
"overlap" between states. Let us see some examples:

e If p = |9¥)(¢)| is a pure state, then p has only one eigenvalue at 1 while the others are 0,
and the entropy turns out to be 0 like in the example of the constant random variable
presented above.

This also shows how possible superpositions of states do not carry any information.

o If p= % is a fully mixed state, then we have that all the eigenvalues are Wll’ and the
entropy is exactly log, |H]|.

Below we derive other natural properties of entropy for mixed states:
Theorem 13.8. H[ps ® pp] = H[pa] + H[pp].

Proof. Let pa = 3, pilti)(¥i| and pp = 37, q;|$;)(#;] be the eigenvalues of ps and pp, respec-
tively. Then we have pa ® pp = 3=, ; piq;[vi) (Vi| @ [¢5) (@5, 1.e. {pig;}i; are the eigenvalues of
the total state:

Hilpa ® pg] = Y _ pigj logy(pig;)
07

=Y pig;(logs pi +10gs ;)
i?j

= pigjlogapi + Y pig;logs ¢;

i

/L?] 7]
= pilogopi Y q;+ > ajlogaq; > i
i j j i
= pilogypi + Y _ qjlogy q
i J
= Hlpa] + Hlps]
where the last step follows from ), p; = Zj qgj = L. ]

Theorem 13.9. H[UpU'] = H[p]. In other words, reversible evolution preserves entropy.

Proof. 1t is sufficient to notice that a unitary only changes the eigenstates, but preserves the
eigenvalues of p. O

From these considerations, one can extend Landauer’s principle to the concept of entropy.

Principle 13.10 (Landauer). Erasing h bits of entropy at temperature T releases an amount
of heat:

AE =h-kgTIn2

where kg is Boltzmann’s constant.
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If we give a thermodynamical definition of the entropy of a system as the ratio between
the total energy of the system and its temperature:

S:?

Landauer’s principle gives the more elegant statement:

Principle 13.11 (Landauer). Erasing h bits of entropy at temperature T releases an amount
of entropy:

AS=h-kgln?2
where kg is Boltzmann’s constant.

In other words, reducing the entropy of a bit string by a quantity h, irrevocably produces
an increase of the entropy of the system by

AE
AS = - = hkgln2 = kgln2"

and this inevitably happens when we transform a string s using an irreversible computation.

In other words, the uncertainty about a state does not disappear, but it simply passes to the
surrounding system.
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Chapter 14
Spin and Rotation

14.1 Pauli matrices and spin observables

We have already encountered the Pauli matrices for a qubit:

x=(1o) v=(05) 2=(5 %)

What we did not mention in the previous chapters is that X,Y, Z are the names of the axes of
the Bloch sphere: one can see that each matrix performs a rotation of the Bloch sphere of 7
around the corresponding axis. In fact, it is possible to derive the following properties:

X*=Y*=27"=1
Moreover:
(X,Y]|=2i2, [V, Z]=2i X, [Z,X]=2iY.

We have also seen that Pauli matrices can be used as observables. In particular, when we
measure the spin of an electron, say in the Stern-Gerlach experiment (Section 8.4), the actual
observables we implement are:

h h h
Sx—§X, Sy—gY, SZ—§Z.
By linearity of the commutator, we have
[Sz, Syl =ih Sy, [Sy,S.] =ih Sy, [Sz,S:) =ih S,. (14.1)

Note: there may be some inconsistency with other chapters of these lecture notes (and
the handwritten notes, and the exam) where we defined S, = hX and so on. The factor of %
makes the commutation relations easier to handle. In physical terms, the constant factor doesn’t
matter, so long as we keep track of it and adjust the eigenvalues accordingly: for example, for
a continuous system we could define the observable X to be “position in meters” or an equally
valid observable X’ = 100 X to be “position in centimeters.” However, having the factor % helps
connects to the conclusion that the spin of an electron can be —i—% or —%, which will be derived
ahead and is the most popular convention in physics. In future editions of these lecture notes,
the notation will be more uniform.

Examples of spin systems. We have often mentioned the spin of an election throughout our
discussion. Indeed, electrons orbiting around the nucleus of an atom can have different energy
levels which depend, among other factors, on their orbit. However, for electrons at the same
energy level, the spin is a further degree of freedom which can lead to small differences in the
overall energy of the particle (depending on whether it is up or down). Another example worth
mentioning is ferromagnetism: consider a material in which the atoms are arranged on a grid,
so that the only components that are free to move are its electrons. According to the Ising
model, we can decompose the Hamiltonian of the system into an interaction component and a
component that depends on the individual spins:

H=-Y U7 95701 ;- hsi o1,

%,J %
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If we place the metal into a magnetic field, since the system will thermalize (and at low temper-
ature, this means going closer to the ground state, which has the lowest energy), we have that
the spins of the electrons will tend to align with the magnetic field. Moreover, we see how,x by
the same principle, the interaction component tells us that the spins tend to agree (notice the
minus sign in front).

14.2 Generalized spin

We try to generalize the concept of spin to more complex systems, i.e. to Hilbert spaces with a
dimension higher than 2. Let us take a Hilbert space H of dimension n. Suppose that in this
Hilbert space there are three observables which we name S, Sy, S, satisfying the commutation
relations of Eq. 14.1. We will now try to find more about the structure of this Hilbert space,
including the eigenstates and eigenvalues of these observables. We will see that just imposing
these commutation relations is sufficient to learn almost everything about the Hilbert space.

First of all, in order to keep a structure similar to the one we use for qubits, we would like
to define a “computational basis”, and we take the eigenbasis of .S, for this, in analogy with the
qubit. More precisely, we will have n vectors |¢, o) such that:

Sz|¢m,a> =mh ‘¢m,o¢>

where mh € R are the eigenvalues of S, (remember that as an observable S, is Hermitian!),
and « is needed to distinguish eigenstates associated with the same eigenvalue. Here, m will
represent the spin of the state (in a qubit we would have two values for spin, i.e. the two
elements of the computational basis). At this stage, we don’t yet know what values m can take,
and it could be any real number — as we will see, it will turn out to be always an integer or
half-integer. We also don’t know anything about the state {|¢)m o) }m,a yet, just that they are
eigenstates of .9,.
Now we define the total spin operator S?:

2 2 2 2
Se=8;+5,+5;
Since also S? is Hermitian, we can use it to decompose H into the eigenspaces of S2:

H =P H. = @span {|v) € H | Slw) = S ()w)}

where we index the eigenvalues of S2, hf(s) by a number s. Here f(s) is a function of s to be
determined later. The subspace H; is said to have quantum number s and is thus called a
spin-s system. From now on we will focus on one of these subspaces, and we make use of the
following lemma.

Lemma 14.1. [$?,5,] = [S?,S5,] =[S?,5.] =0

Proof. We prove [S2,5,] = 0 (the arguments for the other two commutators are symmetric):

[S2,5.] = [S2,5.] + [S;, S.]+[S2%,5.] linearity of commutator
= [‘Sg? SZ] + [557 SZ]
= S3[Sz, 2] + [Sz, S2]Sz + Sy[Sy, S:] + [Sy, Sz|Sy by Theorem 7.1

= — 5[5z, 82| =[Sz, 52]5% + Sy[Sy, S| + [Sy, S5
= —ihSySy — ihSySy + ihSy Sy + ihSySy = 0
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This lemma is telling us that S? and S, share a basis of eigenstates by Theorem 4.2. In
particular, acting with eigenstates of S? with any of the operators S, Sy, S leaves the state in
the same subspace Hs.

Lemma 14.2. Let |¢)) € Hg (that is, [{b) is an eigenstate of S* with eigenvalue h2f(s)). Then

the state
( > aij) )
j:x7y7z

Proof. To see this, we just need to check that the new state has the same S? eigenvalue as the
original state. We will use the fact that S? commutes with the spin operators (Lemma 14.1),

52 (( 3 ajsj) |¢>) = > o;S*S;l)

Jj=x,y,2 Jj=x,y,2

= Y @SS?)

J=x,Y,2

= > a;S;hif(s) |¢)

J=x,y,2

= hf(s) ( > %'Sj) ).

J=z,y,2

is also in Hs, for any o € C.

O]

However, for each subspace Hs we could still have several values of m. To narrow down our
search for structure, we will decompose Hs into a direct sum of eigenspaces of S,:

Ho = D Hom = Pspan {|v) € H | S.[0) = hmlys) and %) = K2 f(s)|) }

So by now we decomposed the whole Hilbert space into subspaces of “total spin” s, and each of
those into subspaces of “z-direction spin” m,

H=PPHsm-

We still don’t know what values m can take for each s, the range of s, or the structure of each
subspace Hs ,. To study it, we need to introduce two ladder operators

St = Sz + 19y,

S_ =8, —1iSy.
By Lemma 14.2, we know that acting with Si (read “S; or S_”) leaves us inside the original
Hs subspace. We will see that (roughly) these operators move us up and down through the S,

subspaces, from H ,, to Hs m+1, hence the name “ladder operators.” To show this, we start by
computing the commutator [S, S ]:

2, 54] =[Sz, Sa] + i[5, S,
= [527596] - i[Syv‘SZ]
— ihS, + hS, = hS,.
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This allows us to derive the following:

S:(St[¥ma)) = (S+55 + hSL)|[Ym,a)
= S4(S: + hl)[thmq)
= St (mh + h)|tm,a)
= (m + DA(S+[¢m,a))

which means that applying S, to the eigenstate associated with the value mh gives us an
eigenstate associated to the value (m + 1)A, i.e. the spin level immediately “above”. With the
exact same argument we find that applying S_ gives us the opposite effect, i.e. the eigenvalue
will be (m — 1)A. To sum up, we obtained that:

S+‘wm,a> - K’¢m+1,a’>
S—‘wm,a> = K/|wm71,a”>a

for some constants K, K’ that we will find later (and which can depend on m, s). Actually, this
is not very accurate: if K or K’ can turn out to be 0, and we will see later this means that
m represents the maximal /minimal spin level in H. Notice also that o/,a” # « in general
(recall that « is just a value to distinguish linearly independent eigenstates associated with the
same eigenvalue, so associating equal values of « over different values of m would not even make
sense in the first place). Here we are only stating that S; and S_ make the state “jump” from
Hom t0 Hems1 and Hgm—1, respectively (we may have a state not entirely contained in one
eigenspace, but that can be just seen as a superposition of states at different spin levels). Now
it is clear why S, S_ are called ladder operators, in particular they are also called raising and
lowering operators.

Bounding the eigenvalues. We would like to find an upper bound on the possible values
for m. We will show in the following that |m| < s. We start from the positive semi-definiteness
of the inner product:

VYm,al(Sz — iSy) (Sz + 15y [¥m.a)
(S2 + 82 +i[Sk, Sy))[tom,a)
(S3 + Sy +i[Sz, Sy))[tm,a)
= (Ym,al (S = S2 +i(ihS.)) [m.a)
(SQ - SZ(SZ + hl))‘wm7a>
(1 f(s) = W*m(m + 1)) |thm,a)
) - th(m + 1)) <¢m,a|¢m,a>a
Wmal¥ma)

1

which gives us m(m + 1) < f(s). With the exact same calculations (replacing S; with S_) we
find —m(m + 1) < f(s), and we can say that

[m(m + )] < f(s).

If we choose f(s) = s(s + 1) as the spectrum of S? (it is an educated guess), we can deduce
|m| < s. Here comes a paradox: how can we accept both the fact that m is bounded by +s but

145



S shift the value of m without falling in a contradiction? We must infer that for m = s, —s we
have

S+|7/’S,a> =0, Sf’wa,o» =0,

i.e. going out of these bounds would give us the null vector. Indeed, if this was not true, S,
would make m increase indefinitely, contradicting m < s (and the same for S_). Since the
extremal values for m are exactly +s, and since Sy shift m by £1, we also infer that m and s
must always differ by exactly an integer value and, in particular:

me{-s,—s+1,...,s—1,s}

Moreover, this also tells us that 2s € N, i.e. s = n/2 for some natural n (hence the name
quantum number). For example, if s = %, then m € {—%, %}, if s =1, then m € {—1,0,1} and
so on.”# In particular, the first example is typical of electrons, where % denotes a “spin up”,
and —% gives a “spin down”. Particles with a integer total spin (s € N) are called bosons, while
particles with s+ % € N are called fermions. Typical examples of fermions are the elements of
the atom (electrons, protons, neutrons...) which constitute the matter, while in the category of

bosons we can find particles like photons, important for electromagnetic interactions.”’’

Bounding the eigenspaces. Now we would like to bound the number of orthogonal eigen-
states in each eigenspace or, more concretely, the number of values a for each possible eigenvalue
m. We start by noticing that, since S, is Hermitian, there exists an orthonormal basis of H and,
in particular, for o # f:

<1;Z)m,a |¢m,ﬂ> =0

for a suitable choice of the basis {|t)y o) }a of the eigenspace associated with m. Now, with the
same calculation as above (notice that the two vectors are associated with the same eigenvalue,
although they are different):

(Vm,al (S4) 1S4 [0, 6) = (Ym,al (R f(5) = RPm(m + 1))|tbm,g)
= (B2 £(s) — K*m(m + 1)) (¥m.altms) = 0

Meaning that S preserves pairwise orthogonality from Hs ,, to Hs m41. This in particular tells
us that any orthonormal basis of H, ,, is contained in an orthonormal basis of H p41 and

dim H57m S dim HS,erl

Doing the same reasoning for S_ yields the opposite bound, concluding that Hj ,, have the same
dimension for all m. The fact that the number of values for « are equal for every eigenspace
allows us to decompose the Hilbert space in a clever way:

HS - HZS & H*S

where Hz, has dimension 2s + 1 and H., has dimension d = dim H,,, for every m. A state
|t)m,a) can then be decomposed into a tensor product as well:

[Ym.a) = Ym)z, @ [Pa)«

4 Someone asked why the bound |m| < s must be saturated; why can’t we have the values of m even more
constrained, for example between —s + 2 and s — 37 This is a very good question! In this case we’d need to
impose Sy |1s—3,o) = 0 and derive the rest of the calculation in the following pages accordingly. When I have
distilled the answer I will add it here, but here’s the intuition: remember that S? = S% + SS + 52, and if you
over-constrain the possible eigenvalues of S, Sy, S. then their squares will be too small for S* to have the large
eigenvalue s(s + 1)h2. You can check this for specific implementations of spin to physical systems.

9Incidentally, fermions and bosons have wildly different properties (studied in QM2), which is why we bother
naming this split between integer and half-integer spin-s systems.

146



Keep in mind that we still do not know which |¢,/) is obtained by applying Sy or S_ to the
above product state. At this point the total Hilbert space is decomposed into the sum

H= @(HZS ®H*)

14.3 Simple spin systems

In general, H., is another independent Hilbert space. More concretely, if d = dim H.,, the
dimension of a spin-s system is dim Hg = d - (2s+ 1) (recall that m takes 2s + 1 different values
since |m| < s). In the following we will focus on so-called simple spin systems, for which
dim H,, = 1; later on we will see what happens if H,, is another spin system.

The idea is to fix the lowest state |t)_s) and then recursively define:

S+|¢m>

V @l St S )

— S+|¢m>
hy/s(s+1) —m(m + 1)

ij-i-l) =

or, equivalently:

S thm) = hy/s(s + 1) — m(m + 1))

Hence we can finally give a definition for S and, with a similar argument, also one for S_:

Sp=h) \/s(s +1) = m(m + 1)[¥m11) (¥m|

So=hY\fs(s + 1) = mlm = D1} (nl-

14.4 Composing spin systems
Let us take two simple spin systems:
H=H1®Ha

with spin numbers s1, sg respectively. The question here is: can we consider H as a spin system?
The answer is yes: we can define global operators S;, Sy, S, satisfying the necessary commutation
relations, and find subspaces with total spin s that depends on s; and so.

We start by defining S, as:

S, =519 +1;®S5.9,
and S, Sy analogously. Indeed, using linearity of commutation:

[Sz, Syl = [Sz1 @ Lo+ 11 @ Sp2, Sy1 @ Lo+ 1; @ Sy 9]
=[S;1 ® La, Sy1® Lo+ [11 ® Sz 2, Sy1 ® 1]
+ [S21 ® 12, 11 @ Syo] + [11 ® Sz 2, 11 ® Sy2]
=[Sz1 ® La, Sy1® Lo+ [11 ® Sz 2, 11 ® Sy 2]
= [52,1,5y1] ® 1o + 11 ® [Sz.2, Sy2]
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—ihS.1 @ 1o+ 1) ® ihS. 5 = ihS.

and, again, the derivation for the other two commutators is identical. Thus, we found that
the commutation properties for these constructed spin operators immediately follow from the
properties of the spin operators of the subsystems, and the results of the previous sections are
extended to the global system #H. One can see that, if [¢)y,,)1 @ |¢m,)2 is a global state where
the two subsystems have spin mi, mo respectively, then:

Sz ([mi)1 @ |thmy)2) = (820 © L2 + 11 @ 522)([Ymy )1 @ [Py )2)
= Sz,1’¢m1>1 ® ij2>2 + |¢m1>1 ® Sz,2|wm2>2
= hm1|[m; )1 @ [Umy)2 + [ Vmy )1 @ hima|m, )2
= h(m1 + m2)|¥m; )1 ® [Ymy)2

i.e. the global state is a state of spin mj + mg for H, and this also tells us that, since

my € {—$1,...,+s1}
mo € {—82,...,+Sg},

then the sum belongs to the set
my +mg € {—$1 — S2,...,51 + S2},

which implies that s = s1 + so for product states. In the following example we will see also what
happens for entangled states.

Example with two electrons. Consider now a system of (the internal spin of ) two electrons:
H = H1/2 ®H1/2.

We represent the basis for the spins of the individual electrons with a spin up state | 1) and a
spin down state | |) (which are respectively |0), |1) when we schematize this electron as a qubit).
Thus, the basis for the global system is:

{0, 110, 1), [0

and, if we compute the eigenvalues as above:

st = (5+5) 11 = Al
st = (5-3) 11 =0

S.| 1) = (—Z+Z> 1) =0
Sy = (=5 = 5) 1) = =Bl 1)

There is a problem here: we said that each eigenspace Hs ,,, should have equal dimension, but
here we found an eigenspace with m = 0 with two orthogonal eigenstate, while the eigenspaces
with m = £1 have one eigenstate each. In fact, the space is decomposed into two subspaces,
one with s = 1 (i.e. 3 possible spin states —1,0,+1) and one with s = 0 (with only the trivial
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spin 0). In order to see this, we start with the down/down state | ]]) and we apply the raising
operator using the recursive definition derived above.

Sel ) = Silvhs 1) = ﬁ\/S(S +1) = (=D(=1+Dlths0) = hy/s(s + 1)[¢s0)

We want to find the explicit representation of |1 ), in terms of spin up and down of the two
electrons, and in order to do this we rewrite the expression:

Sel) =5+ ®@1+1®51) W)
=@+ )

= h\/sl(sl +1) =ma(mi + [ 1)) + h\/SQ(Sz +1) —ma(mz + 1) 11)
=h(| ™) +141)

where in the last step we plugged s; = s3 = %, which is the quantum number of both systems,

and mp = mg = —%, since they are both at spin level —% (spin down). Thus the actual state
[ths0) is:
1 1
[vs,0) = mﬂ )+ = ﬁ(’ ) +14M)

the last equality, which follows from normalization, also implies that s = 1 is the quantum
number of this subspace. Therefore, the three elements of the new subspace H; (also called
triplet) are:

[P1,-1) = [ )

r0) = %(I 1)+ 1)

[Y141) = [ 11)
while the missing orthogonal state
1
V2

belongs to the other subspace with quantum number 0 (also called singlet). It is immediate to
see that this last state is orthogonal to the other three. Moreover, if we try to apply the ladder
operators:

[P0,0) = —=(41) — [ T1)

1
Siltop) = 7
_ 1

V2

Two terms cancel out since Sy| 1) = 0 and the other two terms turn out to be equal and
opposite. The same calculation can be done for S_, and this confirms that this state is alone in
a subspace with s = 0. Hence, we derived that the tensor product of two spin—% particles can
be rewritten as direct sum of a triplet and a singlet:

(S @1+1S5)( ) — 1)

5

(St el +1h S - S e [ -1 @S 1)

7—[%@7{% =Ho D H;.

We want to generalize this derivation to a tensor product of spaces with arbitrary quantum
numbers.

Hz@%sj
J
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In other words, given the eigenbasis {&); |4s;,m, ) }x of S? and S, of each subsystem, we want to
find an eigendecomposition for the operators 52, S, of the global system. In order to do this we
rewrite the eigenstates |15 ,,) of the global system in terms of the eigenbases of the subsystems:

[them) =D (@ |wsj,mj,k>> (®<w5j7mj,k\) [ts.m)

k J

: Z Ck (® |'¢5j,mj’k>)
k J

The constants ¢, € C are called the Clebsch-Gordon coefficients. These coefficients only
depend on the quantum numbers s; of the subsystems. Widely used combinations of s; are
already computed and can be found in lookup tables, but it is possible to compute them by
hand (we did it in the example above). In general we can use the following “recipe”:

e The total dimension of H is given by the product of the subspaces:

dimH = [[dim#H,; = [[(2s; +1).

J J

e We can also deduce that ¢, = 0 unless m = Zj m; . In fact, one can see that the tensor
product above is an eigenstate of S,:

S <® ’¢Sj,mj,k>> = (Z Sz ® ]l—j> (® |w5jymj,k>)

) fpme)

which means that this state is an eigenstate associated to the eigenvalue }°;m; and,
since S, is Hermitian, any [¢s,) with m # >_j m;x has to be orthogonal, i.e.

Cp = ®<w5j,mj,k’ ‘¢s,m> =0.
J
14.5 Angular momentum

We conclude the chapter by looking at a particular spin system, which is angular momentum.
Unlike the examples we saw before, angular momentum is defined on continuous systems, but
most properties of spin carry out to this case. Let us first see the classical definition:

Definition 14.3. The angular momentum Lo of a particle C with respect to a center O is
defined as:

LO:I‘Xp

where r = ro—ro s a vector starting from the point O pointing to the position rco of the particle
and x denotes the cross product of two vectors.
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Figure 14.1: Conservation of angular momentum of a planet rotating around a star.

This object is extremely useful in certain analyses because, for a suitable choice of the center
O, it is possible to obtain conservation of angular momentum. For example, imagine a
planet with linear momentum p = mv rotating around a star, as in Figure 14.1. The star will
apply a gravitational force F to the planet. If we choose O as the center of the star, the angular
momentum Lo of the planet will be conserved since:

%:%xp—i—rx%:vxp—i—er:O

The first term always vanishes because p and v are always parallel, by the classical definition
of momentum. The clever choice of our center O also makes the second term vanish, because
the gravitational force F is always pointing from the planet towards the star, parallel (and in
opposite direction) to the vector r. A typical use of the conservation of angular momentum in
this context is to compute the velocity of the planet at any point of its orbit around the star.

Let us now find an analogous definition in quantum physics: the cross product r x p can be
rewritten explicitly as:

TyDz — TzPy
rxp= T2Px — TPz
TePy — TyPx

If we define the Hilbert space for the position of a particle as usual
H=H,@H,@H.
We can define a vector of angular momentum operators as follows:
L,=1,YQP, -1, P,®Z

Ly=P,®1,0Z-X®1,8P,
L.=X®P,®1,-P,oY®l,

To complete the definition we should also be able to express the center O: assuming Xp, Yo, Zo
are the operators of the center, one can replace the position operators in the definition above
with X — Xo,Y — Yo, Z — Zp, but to keep things simple we will assume that O is the origin of
our space in the quantum case.

An important property here can be observed by looking at the three commutators [L, L],
[Ly, L], and [L;, Lg]:

[La, Ly] = LyLy — LyL,
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=(PRY®PZ-XQYRP?-P,oP,0Z°+X®P,®ZP,)
~(P,®Y®ZP,-P,®P,07° - X®Y®P?+X®P,® P,Z)
=PoYQPZ+X®P,®ZP,—P,RY®ZP,—X®P,@P,Z
=P, Y ®I[P,Zl+ X ®P,®|Z, P
=X®P®I[Z,P]-PRYR®|Z P]

=il X®P,®1l,-P,®Y®1,)=ihL,

where in the last step we used the canonical commutation relation [Z, P,] = ihl. With similar
calculations we also get [Ly, L.] = ihL,,[L., L] = ihL,, thus we found that the angular mo-
mentum operators satisfy the properties of the spin operators, and the results we derived in the
previous sections still hold. We will have a total angular momentum operator and the two
ladder operators:

L*=L3+ L+ L2
Ly =L, +iL,
L. =L,—iL,

whereas the eigenstates of L? (which are also the eigenstates of Ly, Ly, L,) satisfy:

L2|w€,m> = E(E + 1)h2|¢€,m>
LzW)E,m) = mh|¢€,m>

We would like to find the wave function g, (r):

i) = [[ [, V(e 1) d
R3
In order to find this function we find the explicit form of L? and L.:

(rlL:[¢) = (r[(X ©@ Py @ 1, — P, ®Y ® L)[¢)
= z(r|(1; ® Py ® 1)) — y({r[(Pr ® 1, @ 1;)[4)
0 0
= ihx@w(r) - ihy%w(r)
By doing the same calculation for L,, L,, we find that the vector operator L = (L, Ly, L))"
transforms the wave function as follows:

L:9(r) — ih (Vay,. x rip(r)) = ih curl (ry(r))

where Vg, . x ri(r) is the curl of the vector ri(r). The rest of the procedure is not different
from what we have already seen in the previous section: we find the eigenvalues of L?, we
restrict our attention to an eigenspace with quantum number ¢ and then, starting from the
lowest eigenstate |y _;), we can retrieve all the other eigenstates spanning this subspace by
iteratively applying L.

14.6 Polar and spherical coordinates in space

In general, when we deal with angular momentum and spin on the plane or in space, Cartesian
coordinates are not the best representation we can use to carry out the analysis. Like in classical
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¢

Figure 14.2: Relationship between polar and Cartesian coordinates on the plane and in a 3-
dimensional space respectively.

X

physics, it would be a good idea in such cases to switch to polar coordinates. In the plane
we have the following change of coordinates:

(z,y) = (r,0) = <\/m, arctan (g))

(r,¢) = (x,y) = (rcos g, rsing)

which means that r is the distance from the center of the system (in this case the origin, but
we can generalize it by doing a translation), while 6 is an angle that determines the point on
the circle of radius r. It is clear that, in the case of planar rotation, r is constant and only 6
changes over time.

We extend these coordinates to the three dimensional case by adding a third angle ¢, which
is tightly connected to the z-coordinate:

(z,y,2) = (r,p,0) = <\/£L‘2 + Y2 + 22, arctan (y) ,arccos (z))
T r

(ryp,0) — (z,y,2) = (rcospsinf, rsin p cosd, r cos )

Here, ¢ is called azimuthal angle, while 0 is called zenith angle. A similar coordinate system
is the one we defined for the Bloch sphere, in Section 1.7. The relationship between polar and
Cartesian coordinates is visualized in Figure 14.2.

Now, we would like to do a change in coordinates for an arbitrary state |¢)) and see what
the wave function looks like. We define a basis |r)|¢)|f) such that:

((rl{p|(0]) (|z)|y)|2)) = 6(x — rcospsinf) §(y — rsinpcosh) d(z — rcosb)

and, as direct consequence:

= [[[ vw.0.2) sy

-/ " [ e il @ldrdgds [[[ b,z 1) o)) dadyd
27
—/R+/ [ I v

d(z —rcosgsinh) 6(y — rsingpcosf) d(z — rcosh)|r)|e)|0)drdpdd

2
= / / / WY (r cos@sin b, rsin p cos @, r cos0)|r)|p)|6)drdpdd
R+

_. /]R+ /2”/ 0)|r) ) |8V drdipdd

Thus, ¥(r, ,0) = (r cos @ sin #, 7 sin p cos 6, r cos §).
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Angular momentum in spherical coordinates. Let us see how the angular momentum
operators, in particular L? and L, act on the spherical wave function ¢). Considering the vector
operator L, we start from what we derived in the previous section:

Lﬁ¢@%%m<ﬂi—yi)¢m

We use the chain rule to replace the partial derivative operators:

0 oOrd O0p 0 000

or  0xor  ozdp  0z00

9 1 o lsingp 0
_sm(‘)coscpa COSGCOSSO%_;Slnga(P

0 ord  Op 0 00 0
oy —oyor T oyop T oyo0
= sinGsincpﬁ + ECOSQSingpg + Leosy &
or r 00  rsinf dy
On the other hand, we already know that x = rcospsinf,y = rsinpcosf,z = rcosf, hence
we can replace everything to obtain:

%, 9o 0 92 .
a—y— 8—x—rsm Gsmapcoscpg—rsmG coscpsmcpg
— sin 6 cos 6 sin ¢ cos gog + sin 6 cos 6 sin ¢ cos gog
00 00
+cos2g0£+sin2g0£
dp dp
0
=9

And thus we conclude

o0 ~
1/}(7“ ©s ) _ih%w(h@ve)

One can see a similarity here, between L. and the linear momentum operators P, Py, P.: in
some sense, the angular momentum is related with the angle ¢ in the exact same way P, P, P,
are related with z,y, z. Using similar arguments we saw in Chapter 5 one can also show that
this quantity is tightly related to angular velocity.

Extending the calculations we find the following results:
ERVICRT )th(smcp(%—kcot&cosgpa )1[1(7" ©,0)
Ly :(r,¢,0) = ih (cos 80880 + cotHsmgp ) (r, ,0)

Lz : 1/’(7'7 ®, 0) — —ZFL;OTZJ(T‘, 2 9)

and, by composing the above, also the transformation of ladder operators and total angular
momentum can be found:

Ly :1(r,p,0) — he (889 + i cot 9;) U(r, @, 0)
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- (0 0\ ~
. —ip (L _ Z
L_:9Y(r,p,0) — he (80 icot 9(990) P(r, ¢, 0)

0 (. ,00(r,e,0) L 9%P(r,0.0)
sin 6 90 (sm& 00 + sin?f  Oy?

L?: 1[1(7‘,(,0,0) — —h? (

Finding the eigenstates of L. and L?. Using the ideas we presented at the beginning of
the chapter, we want to find the eigenstates of L?. The idea behind this is that, if the potential
in the Hamiltonian is central, i.e.

P2

H=—+V

o (r)
then the total angular momentum is conserved, in a similar way we showed in the classical
example of Section 14.5. This means that [H, L?] = 0 and the eigenstates of L? are also the
energy eigenstates of our system. For such a state |ty,,,) within a spin-¢ system we have:

Lz|’¢€,m> = hm|7w[}€,m>
(rl{pl{0] Lz |vem) = hm(r|(el{0]vem)

—Zhaaso’&g,m (T7 2 9) = hml[’é,m (T, @, 0)
a(?oié,m (7’, ©s 9) = iml;&m (Ta 2 0)
which yields the solution space:
&Z,m (Ta @, 6) = C(Ta 0)€im¢'

In order to find C(r,#) we impose the condition at the bottom of the ladder (note that from
now on we will take for granted that ¢ only takes integer values’®):

!
L_|¢g—¢) =0
—3 a . a 7
0=he™ ™ (9 - ZCOte&p) W,—Z(T, QD’G)
0= (8 — i cot 98> C(r,0)e
¥

0 9 .
_ —ibp ¥ _ Y —ily
=e 890(7’,0) ZC(T’G)COtHE)goe

; 0
=i [ —
e (89C(r, 0) — £C(r,0) cot 0)

giving us the following differential equation:

;C(r, ) = (- C(r,0) cot § = C(r,0) = C(r)sin* 0

i.e. the lowest spin level has wave function of the form:

Yo —o(r,0,8) = C(r) e % sint g

16The intuition for this is that we want £ = 0 to be a solution for systems that are not moving.
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and from this we can apply L, for m — £ times to obtain 1, (r, ¢, 8):
1
VI +1) —m(m +1)

1 io [ O
Yo me1(r, @,0) = N ES e 1)he ® (8«9 +zcot9> Yom (1, @, 0)

The terms of the wave function dependent from 6 and ¢ (with normalization) are called spher-
ical harmonics. To sum up, the transformation of L yields the following recurrence for the
spherical harmonics:

Pr_4(0,0) = kysin® 0
BPZ m

Ppmi1(0,9) = \/Z(K—f—l)im(m-i-l)( a5 — MPrm(0,0) cot0)

[Veme1) = Li|vem)

where ky is a normalization constant. Some examples of well-known harmonics are:

o Poo(l,p) = \/%47;

o Pio(0,0) = 4?; cos ;

o P 1i1(0,p)=7F 81n0 etie,

Finally, to find the full expression for the wave function, we need to compute C(r). In
order to do so, we will exploit the fact that the states |1y ,,) are eigenstates of both L? and the
Hamiltonian H:

H|wl,m> = E’wl,m> (14.2)

We start by considering, as derived in Chapter 6, how P? acts on the wave function in Cartesian
coordinates:

0? 0* 0
P2:w(x7y72)’_>_h2<a 2+82+M>w(377y72)
—h2V2¢(5L’ay72)

As usual, we can translate everything to spherical coordinates to get:

. (10 ( 500 ! N LA B S
Provln6.9) = —h (TZ(?T ar +r2sin2980 39 +T251H298S@2

18 [ 00 1, -
=-K (7“237“ ( 87“) B h2T2L2(¢)>

Where we simplified the expression using what we learned earlier in this section about the effect
of L? on 1. Thus, putting this together with the Hamiltonian for central potentials:’”

~ 2 ~
meaww—ﬁﬂ&< ﬁ>+#,ﬁwwvmw> (14.3)

We can now combine Equation 14.3 and Equation 14.2 by considering a specific wave function
Yom- Recall that L?[thg ) = h20(€ + 1)) |thg,m); We obtain:

2 7, 2
n o <r28¢e,m> b 0e+1)

_W or or QNT (77/)@ m) + V( )(¢€,m) = Ew@,m

"There is a sign difference in the handwritten notes (a minus sign in the second term). For all practical
purposes please follow the current version (with the + sign).
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But we have already computed an explicit form for this wave function. We substitute it here
and observe that we can simplify the terms Py, (6, ), as they do not depend on r:

R 0 <r2 8C(r)) N R20(0 + 1)

—2/”2 o o C(r)+V(r)C(r)=E-C(r)

2412
Let us rearrange the terms:

» a<r2ac(r)) [ R+
2ur? or or ) 2pur?

+E - V(@) C(r) (14.4)

We observe here that C'(r) only depends on ¢, not on m, whereas the energy might depend
on some other quantity n, which we call principal number, we will learn about later, i.e.
E := E, 4; since C also depends on E, we write C := Cj, ¢(1).

To solve the differential equation we apply a few tricks:

e Rewrite the potential as an effective potential:

h20(+ 1)
eff _
V() =Vi(r) + Tom?

e Simplify the term on the left by defining a new radial function u,(r) = r - C(r). We

obtain:
£ (055 38 (o5 (49)
r2 Or " or 2 9r ré?r r
1

0
= 25, (—un,l(r) + rarun,l(r))

In light of these two definitions, we can rewrite Equation 14.4 as

h? ?

— ﬂwun,l(r) = (E - Veeﬁ(r)) un,l(r) (14.5)

If you look at it closely, you can notice that it resembles the one we derived for the stationary
states of the Hamiltonian in a one-dimensional system in Section 10.3. Indeed, it also has the
same solutions, which in this case depend on V£(r). We will look at the solution in a concrete
example in the next section.

14.7 Application: central potential in the Hydrogen atom

Let us now turn to a concrete example for the shape of fof(r), namely the hydrogen atom,
in which we have one proton in the nucleus and an electron orbiting around it, as depicted in
Figure 14.3. The particles have mass i+ = 1.67- 10~2"kg and .- = 9.11-1073!kg respectively.
The electron also has a charge of ¢.- = —1.60 - 1071°C := —1le (the charge is measured in
Coulomb [C], but for simplicity we define this quantity as one electron charge); the proton
has the same charge with opposite sign: ¢,+ = le.

Observe how the mass of the electron is several orders of magnitude smaller than the one of
the proton. This leads to the following reasonable approximation: we neglect the effect of e~ on
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Figure 14.3: Diagram of a hydrogen atom.

pt and we assume the proton to be fixed at the center of our system of reference. The electron,
on the other hand, is influenced by an electrical potential due to the presence of p™.
Classically, the potential felt by a charge ¢o due to the presence of a charge ¢; at distance r
is given by:
V(r)= L2

r

where k ~ 8.99 - 10 Nm?2C? is the electric force constant. In the case of the hydrogen atom

it becomes: )

V(r) =~k
Given these premises, we will try to answer some questions that naturally arise, such as:
e What is the average value of r, i.e. what is the size of an atom?
e What does the energy spectrum {E, ;},; look like?
e What shape does the orbit of the electron have, i.e. what can we learn about |1, s m|*?

To answer these, we try to find an explicit form for u, ¢(r), by plugging in the specific form of
the potential for this case into Equation 14.5:

w2 9 2 R2(0+1)
—ﬂwun,l(r) = (E + k7 — W UnJ(T)

It turns out that this differential equation is, in fact, very hard to solve, even without taking
into account the constraints associated with it, such as the positivity of the coefficients and the
physical limits we want to impose to u,; (e.g. when r goes to zero or to infinity). We refer you
to Section 13.6 of Schumacher and Westmoreland [1]| for an explicit step-by-step solution. Here,
we just summarize a few key results from the computation:

en > { > |m| > 0: this limits the different tuples for these values as summarized in
Figure 14.4.

pk’et 1

2h2 n2»

this we define the Bohr radius a := “Z—; This is the result we were looking for about

the energy spectrum of the electron.

e The energy values are I,y = E,, = — where we call Fq the ground state. From
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4 + . . . .

3+ . . ° me{-2-1,0,1,2}
2+ ° ° me{-1,0,1}

1+ * me {0}

1 2 3 4 4

Figure 14.4: Possible values for n and ¢ in the hydrogen atom. To each value of £ corresponds
the same set of possible values for m.

e The radial component of the wave function has the following form:

¢
Ry o(r) = Ay, (T> exp (—T1>Poly V}
a an a

where A,,; is a normalization factor and the last term is a Laguerre polynomial.

Examples of eigenstates. In atomic physics, each eigenstate defines an orbital. Here we list
the radial components for the first few values of n and ¢; we have computed the corresponding
spherical harmonics in Section 14.6:

e n=1,¢=0,m=0: this is the ground state (orbital 1s), in which R; o = 2q3/2¢r/a,

e n=2(0=0,m=0: orbital 2s, in this case Ry = %64/2“(1 - 5=);

a3/ e—r/Qa(l_
V24
). Recall that we now have three different values for m € {—1,0,1}, and thus three dis-

tinct spherical harmonics.

e n =2,/ = 1: these are called the p orbitals. The radial component is Ry 1 =

These answer one of our questions about the hydrogen atom, namely what shape do the orbitals
have? You can find the shapes visualized on the corresponding Wikipedia page.

Computing the radius of an atom. The following theorem can often be used as a helpful
trick to compute the average values of observables.

Theorem 14.4 (Feynman-Hellmann). Given a system with Hamiltonian H, let |¢g) be the
eigenstate of H associated with eigenvalue E, i.e. H|yg) = ElYg). If H E and |Yg) all
depend smoothly on some parameter X\, then we have that:

% = (V| (?Z) [VE)

Proof. From H|¢yg) = Elg), since the state |[1)g) is normalized, we evince that:

E = (Yp|H|YE)
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Taking the derivative with respect to A on both sides:

8E
D))
E

<¢E|H|¢E>

82 >H|¢E> (Vg (;\H> VE) + (YplH <£\|¢E>>
(a2
5(

B ) [VE) + (Ve (;AH) [YE) + E(VE| (;\Wﬁ)
(55 0el) 10 + el (55lvet) ) + el (558 ) lom)

§<< vetm) + el (557 o)
(({)8 >W)E

We will now use the theorem to compute the average radius of the atom as a function of the
energy level n. In particular, if we set A = k, we obtain:

0FE,
ak <¢n€m| aném>

o Uk2 4 P2 62
8k<_2h2n2> <¢n€m’ ( kﬁ ’wn,f,m>

d

ke _ L)
h2n2 - <wn7€’m’ (R ‘wn,f,m>
1 1
W — <E>wn,l,m

where a is again the Bohr radius. Thus we found that (R)¥»tm ~ an? (we approximate the
inverse of the expectation with the expectation of the inverse using Jensen’s inequality with
proper additional assumptions on R). Indeed, a is the average radius of the hydrogen atom in
the ground state.

Quantum theory and experiments for the hydrogen atom. The quantum model of the
hydrogen atom is widely supported by experimental results. For example, when exciting the
electron in some way, it will tend to relax back to the ground state. In doing so, by conservation
of energy, it will release the excess energy in the form of a proton, whose energy is proportional
to its frequency v: Eppoton = hv. In turn, the frequency of the photon is related to its color and
can thus be measured: the energy of the photon is indeed the difference in energy between the
energy levels of the electron.

Fine tuning the model. Finally, one may ask how we can loosen the assumptions about the
interaction we made in the beginning of the discussion, and even how to generalize the model
to other atoms. In this latter case, one must also take into account the interaction between the
electrons when computing the Hamiltonian; this increase in complexity means that the resulting
differential equations need to be solved numerically: this is competence of computational physics.

There are however some refinements to the model that we can make with the tools we have
acquired during the course. For example, we know that the electron has an internal degree of
freedom given, by its spin. The finer-structured Hilbert space should also take this into account:

Hef == HSD ® Hspin - HR ® HQ ® H@ ® Hspin
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The state of an electron now would be

oo n—1 ¢

[P)e- = Z Z Z Z O‘n,ﬂ,m,ms‘wnl,m>’¢ms>
n=1

(=0 m=—/¢ mszfé
and this is analogous to the “adding spins” scenario we have analysed in Section 14.4.

Another aspect one might want to take into account is the fact that the electrons travel
around the nucleus at a fairly high velocity, and thus incorporate relativistic analysis into the
model. Finally, going into the hyper-fine structure, one might also consider the fact that the
nucleus has a spin itself. All these observations can be combined to create a more complex and
complete vision of the atoms from a quantum perspective. As we refine the model — in this case
the Hamiltonian — we find that the energy degeneracy of the each level is lifted, as there are
small energy corrections depending on the values of ¢, m, s and so on. These can be detected
with sufficiently accurate measurement devices.
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Chapter A
Recap on Analysis

Here we briefly list all the elements of analysis needed to understand the lectures.

A.1 Exponential function

The exponential function f(x) = e” is defined as:
v 2\ g
‘ _nh—>n<>10(1+n> _z%n!
n=

Using these expressions, the definition of exponential can be extended to arbitrary objects with
an algebraic structure providing an addition operator 4+ and a multiplication operator -.

A.2 Dirac delta function

We define 6.(x) as the following function (also called nascent delta):

{1 O<z<e

de(z) =14 ¢

0 otherwise

de ()

m |

9 T

The Dirac delta function §(z) can be defined as:

d(x) = lim ()

e—0

This function has important properties that are used extensively in calculus applied to quantum
physics. Here we show some of them.

Theorem A.1l. [ d(z)dr = 1.

Proof.

€

1
/ 0(x)dx = | lim 0c(x)dx = lim/ de(z)dr =1lim [ —dr=1liml=1
R Re—0 e—0 JRr e—=0Jp € e—0

Theorem A.2. If f is continuous at x =0, then [ f(x)d(z)dz = f(0).
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Proof.

/ f(z)é(x)dx = lim ) 1f(x)dx
R 0 ¢

e—0

€1
= lim / Z f(0)dz by continuity of f
0

e—0

— £(0) lim é dz = £(0)

e—0Jo

This result can be generalized to a generic center:

/ F(2)5(x — xo)dz = f(xo)
R

for any function f continuous in x = xy.
We conclude this section by mentioning the analogous of the Dirac delta for the discrete
case: the Kronecker Delta, which is defined as follows

1 i=j
5@']‘ = .
0 otherwise

A.3 Complex numbers
The set of complex numbers C can be defined as:
C={a+ib|a,beR}

where i := y/—1 is the imaginary unit. Any complex number z € C can be expressed as above,
where Rz := a, Iz := b are respectively the real and imaginary parts of z.

Theorem A.3 (Euler’s identity). ¢ = cos(f) + isin(6).

Proof. We can rewrite the Taylor series of the exponential:

= nl
[e'e) -\ 2n oo 2n+1
(i6) (i6) o,
= Z + Z = splitting the sum
= (2n)! = (2n+ 1)
e N 2n 0 Il n+1
2 2 e
=3 (-1)" +iy (-1)"—— since 1° = —1
= 2n)! = (2n +1)!
= cos(0) + isin(0) Taylor series of sin and cos

Using this identity we can always express z € C in complex exponential form:

2 = pel?
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where p € R{ is called absolute value (also written as |z|) and @ € [0,27] is the phase. One
can pass from one representation to another in the following way:

a -+ ib — \/mei arctan(b/a)
pe'? — pcos(0) + ipsin(6)

Definition A.4 (Complex conjugate). Let z = a+ib € C. We define the operator z* = a — ib
as the complex conjugate of z.

Some extremely important observations about complex conjugates:
o (21 4+ 29)" =27 + z3;

o (z129)* = 2{23;

o 2%z = |z|?, since (a +ib)(a — ib) = a® — (ib)? = a® + b2 = |2|?%;

e If a =0 (i.e. zis purely imaginary), then z* = —z;

e If p=1 (i.e. 2 is unitary), then z* = 1.

The first two properties imply linearity of conjugation, while from the last two properties we
also evince that —i = i* = %, which we will use extensively.

A.4 Fourier transform

Let f : R — R be an integrable function. The Fourier transform f is a function F' defined as:
1 .
F(t)=F :—/ z) e dx
(1) =Flf) = o= [ 1@
The inverse of the Fourier transform is another Fourier transform:
1 .
x)=F :—/Ft e U dt
f@)=Flfl = > L E(®)

When we need to use the Fourier transform in quantum physics as relation between position
p and momentum z, we add the Planck constant & for historical reasons, but also because A
removes the units of measurements of the term pz in the exponential:

_ 1 ipx/
F(p)_\/%/mf(x)e " da

_ 1 e—ipa:/
f(x)_\/m/RF(p) " dp

Here we briefly list some properties of the Fourier transform. We will directly refer to the
position-momentum transform, but analogous results hold for a general Fourier transform:

Theorem A.5 (Linearity of the transform). Flaf + bg] = aF[f] + bF[g] for a,b € C.
Proof. Directly follows from linearity of integral. O

Theorem A.6 (Transform of derivative). F[f'] = %p]-"[f]
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Proof.

Flf1=

1 .
Wi RAC KA
1 ipa:/h 1 ip ipa/h . ]
- V2rh [f(ac) € R - \/ﬁ/ng(x) T e dr  integration by parts

sz/h dr

h\/ﬁ/f
:gf[f]

The first term of the integration by parts tends to 0 at 00, for the assumption that the integral
f(z) eP*/" converges (i.e. the Fourier transform of f(z) is finite).

O
Theorem A.7 (Transform of the shift). F[f(z — x0)] = eP*0 F[f]
Proof.
Flf(z — x0)] /fa:—xo e/ g
[ F
f(z) e® (@+z0)/h gy substitution z < = + xg
ﬁ/
_ ezpazo/h / . eipac/ﬁ dr
V2mh Rf(
_ eipxo/h]_—[f]
O
Theorem A.8 (Transform of the Dirac delta). F[d] = 217rh'
Proof. We use Theorem A.2:
1 . 1 . 1
Flé] = /5:0 Pt/ gy — g0/ —
9] 2mh JR (@) V2rh 21h
O
Corollary A.9. The Dirac delta function can be defined as:
§(z) = 1/ e~ e/hgp
27h Jr
Proof. By Theorem A.8, §(x) is the anti-transform of \/7 hence:
1 1 ,
o(x) = e~ Pr/hg
(@) V2rh JR V21h b
1 .
_ = —ipz/h
27h /]R € dp
O

165



A.5 Solving differential equations

Definition A.10 (Differential equation). A (ordinary) differential equation is an equation of
the form:

fn(tvyvy/7 cee )y(n)) =0

where y(t) is an unknown function of t, and y %) denotes the k-th derivative of y. In this case,
n 1s said to be the order of the equation.

Definition A.11. An ordinary differential equation is said to be linear if:
Fatoy s y™) = g() + g0y + ()Y + -+ ga (O™ = g(t) + > g (t)y™

Moreover, if g(t) =0, the equation is said to be homogeneous.

Theorem A.12. The solution space to a linear homogeneous ordinary differential equation
yields a vector space.

Proof. If y1,yo are solutions, then also ay; + Sy2 is a solution since:

> ge(®)( )(ays + Bya)* —Oézgk k)+ﬁzgk(t)y( ) =
k=0 k=0

O]

Theorem A.13. An homogeneous, first order linear differential equation yields the following
solution space:

Y = ky = y(t) = y(to)e* 1)
for a fixed ty € R.

Proof. We integrate the equation once:

/

Yy =ky & y— =k
& / vy k: dt
Yy
y(t) dy . . /
& / —~ =k dt substitution y = y(t),dy = y'dt
y(to) Y to
Iny(t) — Iny(to) = k(t —to)

< Iny(t) =Iny(ty) + k(t — to)
& (D) = )k

Definition A.14. A linear system of differential equations is of the form:
Yy =Ay+b

where y,y' € C", A € C"*™ and b € C". n is said to be the order of the system. If b = 0 the
system s said to be homogeneous.
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Theorem A.15. An homogeneous linear system of differential equations of the form.:
/
y =Ay
yields the following solution space:
y(t) = ey (to)

Moreover, if v1,...,v, are eigenvectors of A associated to the eigenvalues A1,..., A\, then the
solution can be rewritten as:

y(t) = Z eAk(tftO)vkvly(to)
k=1

For a recap on eigenvalues and eigenvectors, see Chapter B.
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Chapter B
Recap on Linear Algebra

Here we list the main notions of linear algebra. Keep in mind that we talk about complex field.
Some definitions and results are not identical from the linear algebra over real field you may be
more familiar with, but they are natural extensions.

B.1 Properties of the trace
Theorem B.1 (Linearity of trace). Tr(aA + B) = aTr(A) + g Tr(B).
Theorem B.2 (Cyclic property of the trace). Let A € C™*" B € C"*™. The following holds:
Tr(AB) = Tr(BA)
Proof.
Tr(AB) = ) [ABi; = Zzajibij = Zzaijbﬂ = [BA]j; = Te(BA)
i i

7 J
O
Theorem B.3. The trace of a matriz Tr(A) is independent of the basis chosen to represent A.

Proof. In other words, Tr(UAU 1) = Tr(A) for any full-rank matrix U, but we get this for free
from the cyclic property:

Tr(UAU ) = Tr(AU'U) = Tr(A)

B.2 Inner product spaces

Definition B.4. Let X' be a vector space over complex field, and let (-,-) : X x X — R be a
function. A tuple (X,(-,-)) is said to form a inner product space or pre-Hilbert space if
the following holds for (-,-):

e Linearity: (a+b,c) = (a,c) + (b,c) and (aa,c) = afa,c) for a,b,c € X,a € C;
e Hermitian symmetry: (a,b) = (b,a)* where -* denotes the complex conjugate;
e Positive definiteness: {(a,a) > 0 for a # 0.

A inner product space can be defined also for reals and, in that case, we obtain the definition
of Euclidean space.

Definition B.5. Let X' be a vector space and d : X x X — R{. The tuple (X,d) is said to
form a metric space if the following hold for d:

e Identity of discernibles: d(z,y) =0 <=z =y;

e Symmetry: d(x,y) = d(y,x);
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e Triangular inequality: d(z,z) < d(z,y) + d(y, z).

A inner product space (X, (-, -)) naturally induces a metric space (X, d) where:

The standard (dot) product between complex vectors in C" is redefined as:

(v,y) =2ty =afys + - + 2hyn

And two vectors z,y € C™ are said to be orthogonal if and only if 2y = 0.

Theorem B.6 (Cauchy-Schwarz). For any two vectors x,y of an inner product space (X, (-,-))
we have (z,x){y,y) > |(z,y)|%.

Proof. 1f (y,y) = 0, the claim is trivial. Therefore, assume (y,y) # 0. Define the following
vector:

(z,y)
()’

One can notice that, by linearity of the inner product:

Z=T —

_ . {zy) N Y ) _
(z,y) = (2 <y’y>y,y>—<,y> <y7y><y7y)—

i.e. z and y are orthogonal, and x can be represented as:

(z,y)

T

Y+ z

since this is a sum of orthogonal vectors, we can use the Pythagorean theorem:

<x,y> 2 2 2 ’<xay>|2
rxu?:\ Il + 1212
(y,y) lyl]?
implying, ||z/[2/[y|[? > |(z, 5)|?, as claimed. O

B.3 Unitary matrices

Definition B.7. The transpose conjugate At of a matriz A is defined as:
Al = (AT = (AT)

The complex conjugate applies to every entry of a matriz or vector and is interchangeable with
any linear operator, by linearity of conjugation.

Definition B.8. A square matriz U € C™*" is said to be unitary if U~! = UT.

A real unitary matrix yields exactly the definition of orthogonal matrix. The following
properties hold for a unitary matrix U:

e U has orthogonal columns;
o |det(U)| =1,

e All the eigenvalues of U are unitary, i.e. |A| = 1 for every eigenvalue A of U (see next
section for the definition of eigenvalues).
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B.4 Eigenvalues and eigenvectors

Definition B.9 (Eigenvalues). Let A € C"*". An eigenvalue X of A is such that, there exists
v € C" such that:
Av = dv

v 1s said to be an eigenvector of A for \.

Computing the eigendecomposition of a matrix. Here we show how to compute the
eigendecomposition of a matrix A € C"*" namely find all the vectors v € C" such that:

Av =)
along with the corresponding eigenvalues \. First of all, we rewrite the above constraint as:
Av = M <= (A— M) =0

This is a linear system of equations, and we would like to find all the values of A such that the
system is non-trivial, i.e. the solution is not only the zero vector. This means that we would
like to find A such that the rank of the matrix A — Al is not maximum, and we can use the
determinant for this:

tk(A— A1) <n<=det(A—A1)=0

The determinant on the right is called characteristic polynomial of A. Since this is a poly-
nomial, by the fundamental theorem of algebra we know that it has exactly n roots, which will
be A’s eigenvalues (the number of times a root is counted in the characteristic polynomial is
called algebraic multiplicity of the eigenvalue).

Now that we found the eigenvalues, in order to find an eigenvector associated to an eigenvalue
A, it is sufficient to find a non-trivial solution to the linear system:

(A= N1)v=0

The solution space, which is ker(A — A;1), is a linear space called eigenspace of A associated
to A;. The dimension of this subspace is called geometric multiplicity of \;.

If the geometric multiplicity and the algebraic multiplicity of each eigenvalue of A coincide,
then the direct sum of the eigenspaces of A span the whole space C”, i.e. the eigenvectors of A
form a basis of C" called the eigenbasis of A.

Observation B.10. For A € C"*" ker(A) is exactly the eigenspace of A for the eigenvalue 0.

Theorem B.11. Let A € C"*"™. Any set vy, ..., v of non-null eigenvectors for pairwise distinct
etgenvalues A1, ..., Ap are linearly independent.

Proof. Consider the first two vectors vy, vs, and a linear combination v = ajv; 4+ agve = 0.
Consider Av:

Av = A(awl + CLQUQ)

= a1 A1v1 + ag vy =0
Since asvo = —aqv1, the equation above becomes:
al()\l — /\2)1)1 =0

This implies a; = 0 since A1 # Ag, and thus also as = 0 as vy # 0. Suppose by induction
v1,...,V—1 are linearly independent. We can apply the same reasoning by plugging agvy =
- Z?:_f Qa; ;. 0
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B.5 Hermiticity and the spectral theorem

Definition B.12. A matriz A is said to be Hermitian if A = A'. Notice that a real Hermitian
matriz is also symmetric.

Theorem B.13. Any hermitian matriz A has real eigenvalues.

Proof. Consider an eigenvalue A with an eigenvector v and its complex conjugate \*.

Mo = ol (Av)
— oAty by Hermiticity
= (Av)Tv
= (W)

= Mot
Hence \ = \*. O

Theorem B.14 (Spectral theorem). If a matriz A is Hermitian, there exists an orthogonal
basis of eigenvectors of A, i.e. it is unitarily diagonalizable.

Proof. We prove this by induction on the size n. If n = 1, the claim is trivial as any unitary
vector is an orthonormal eigenbasis of A. If n > 1, then by the fundamental theorem of algebra
we must have n roots of det(A — A\1). Take one, and call it A\;, along with an eigenvector v;.
Let vo,...,v, be an orthonormal basis for the subspace orthogonal to the one spanned by v.
A can be rewritten as:

VIAV = {v] Av;}is ( )61 AO, )

where V is a unitary matrix formed by vy, ...,v,, and A’ is a n —1 X n—1 matrix. By induction
A’ is unitarily diagonalizable by a matrix U with columns us, ..., u,. Thus given the following:
;. 1 0 N PN 0
V_V<O U = (V)TAV' = 0 UTAU
which is diagonal. O

Definition B.15 (Spectral decomposition). If Uy is the matriz with columns formed by the
etgenvectors associated with the eigenvalue X\, then Py = U,\U)T\ is the orthogonal projection
matriz onto the eigenspace of A. Any Hermitian matrix A with distinct eigenvalues Ay, ..., \g
can be decomposed as follows:

A= NPy + o APy,

Definition B.16 (Eigendecomposition). A diagonalizable matriz can be written as:
A=UAU"!

where U is a unitary matriz containing all the eigenvectors of A as columns, and A is a diagonal
matriz containing, in order, the eigenvalues.

Observation B.17. For any matriz A, ATA and AAT are Hermitian.

Theorem B.18. If A\1,..., A\, are the eigenvalues of A, Ait,..., Ayt are the eigenvalues of At.
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Proof. If A = UAU! is an eigendecomposition of A then

At =UAU 't =U(A)U ™!
where At = diag(Ait, ..., Ant). O
Theorem B.19. If A = UAU! is an eigendecomposition of A, then A¥ = UAFUL,

Proof. We prove this by induction on k. If k = 1 the claim is trivial. If £ > 1 we have:

AF = (UAUYHE = UAU 1 AR

= UAUT'UA U by induction
= UAU! since U'U =1
O
Theorem B.20. Let A be an n X n matriz with eigenvectors v1, . .., v, associated with eigenval-
ues M, ..., \n. The exponential e? has eigenvectors v, ..., v, associated with the eigenvalues
A An
er ..., etm,

Proof. Let A =UAU"" be an eigendecomposition of A. By definition of exponential:
> 1
A _ Ak
et = Z k:!A

k=0

> 1

= Z —UANU by Theorem B.19

= k!

_ o~ Lk -1
=U (Z A ) U
k=0
=UrU?
We conclude the proof by showing that e* = diag(e*+*), but this immediately follows from
the fact that A* = diag(A\¥,..., \F). O
B.6 Positive semi-definiteness

Definition B.21 (Positive semi-definiteness). An Hermitian matriz A € C"*" is positive semi-
definite (A = 0) if and only if, for any v € C":

ol Av >0

Theorem B.22. An Hermitian matriz A is positive semi-definite if and only if every eigenvalue
of A is non-negative.

Proof. Consider the spectral decomposition of A:
vi Av = )\1@1”1 4+t )\nv;rlvn
where v; is the orthogonal projection onto the eigenspace of \;. Notice that:

e The inner product is necessarily real and positive as z*z = |z|2.
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e Every eigenvalue is real since A is Hermitian.
O

Theorem B.23. If A, B are two Hermitian positive (semi-)definite matrices, A+ B is Hermi-
tian and positive (semi-)definite.

Proof.
vI(A+ B)v=vlAv+v"Bv >0
O
Theorem B.24. For any matriz A, AYA is positive semi-definite.
Proof. Let z = Av:
vTAT Ay = (Av)TAv =2z >0
O
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Chapter C
Recap on Probability Theory

In quantum theory we extensively use these concepts, although the notation may slightly differ.

C.1 Probability space and random variables

Definition C.1 (Probability space). A probability space is a tuple (Q, F,P) where:
e () is a non-empty set of elementary events;
o F C 2% is the o-algebra of events;

o P:Q —[0,1] assigns a probability to each elementary event such that

ZP(w)zl

weN

The following must hold:

e The o-algebra F must contain both O and 2, and it must be closed under any countably
infinite intersection of events {A;}ien:

Vidie F=(AieF

o The definition of P is extended to F as follows:

P(A) = Z P(w) VAe F
weA
e P(A) =0 if and only if A= 0;
Definition C.2 (Conditional probability). Let A, B € F be two events in a probability space
(Q,F,P) such that P(B) # 0. The conditional probability is defined as:
P(ANB)
P(A|B)=—F—

Theorem C.3 (Law of total probability). Let Ay, ..., A, € F be a partition of ) in a probability
space (2, F,P). Then, for any event B € F the following holds:

P(B) =Y P(B| 4) P(A)
=1

Proof.
P(B) =P (O(BmA») S P(BNA) =Y P(B|A)P(4)
: i=1 i=1
]

Definition C.4 (Random variable). A random wvariable in a probability space (2, F,P) is a
function X : Q — R.
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C.2 Expectation

Definition C.5. Let X be a random variable defined under a probability space (Q, F,P). The
expectation of X is defined as follows:

E[X]=) Pw)X(w)

weN
or, equivalently (by regrouping events):
E[X]=) zP(X =ux)
X
The sum can become an integral sum in case X is absolutely continuous (in this case P(X = x)
is of the form f(x)dx, where f(x) is called probability density function).

Theorem C.6. Let X,Y be random variables defined under a probability space (0, F,P). The
following holds:

1. E[aX +bY] =aE [X] + bE[Y] (linearity of expectation);
2. inf, X <E[X] < sup, X;
Proof. We prove the two statements separately:

1. Directly follows from linearity of the sum.
2.

inf X = > P(w)ing <)Y PwXw) <) Pw)supX =supX
weQ weQ weN w w

C.3 \Variance

Definition C.7. Let X be a random variable defined under a probability space (2, F,P). The
variance of X can be defined as:

Var[X] = E [(X - E[X])?]
Theorem C.8. Var[X] =E[X?] - E[X]*.
Proof.
E|(X -E[X))’| =E |X? + E[X]’ + 2XE [X]|
=E |[X?| +E [E[X]"] - 2E [x]’ linearity of expectation
=E[X?] +E[X]’ - 2E[X]?

=E |X?| -E[X]? by Theorem C.6

Theorem C.9. Var[X| = Var[X + ¢| for any c € R.

Proof. The claim follows immediately by seeing that (X +¢) —E[X +¢/=X+c—E[X]—c=
X —E[X]. 0

175



C.4 Gaussian distribution

An absolutely continuous random variable X defined under a probability space (2, F, P) is said
to follow a Gaussian distribution (i.e. X ~ N (u,0?)) if:

P(X=a)= e S8y
=) = e 20 X
V2mro?
Theorem C.10. E [X] = pu.
Proof.
E[X]= [ L8y
= €T e 20 X
R V27102
1
= / (V20z + 1) e’ \20d replacing z + 20z +
R 2702
1 2 1 2
= | V20z—e " dx + / —e Ydx
/]R NG "l VE
1 o
= —e Ydx since ze " is odd
w7
=u since / e dy = VT
R

Theorem C.11. Var[X] = o2.

Proof. To simplify the proof, we compute the variance of X — p ~ N(0,0%) (we know the
variance does not change under translations by Theorem C.9).

Var [X] = Var [X —

1 / 2 —22/252 2
= Te der —E[(X —
55 Ja (X — p)]
1 / 2 —x2/202
= ze dx by Theorem C.10
V2mro? JR Y
2 2
= % 22e " dy substitution z « v20x
™ JR
= g2 since / z2e % dy = ﬁ
R 2
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